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Zed3D is a documentabout computergraphics,more particularly real-time 3d
graphics.This documentshouldbe viewed as a practicalreferencefor a first and
perhaps second course in computer graphics.

The original Zed3D document grewut of my work notes.As a matterof fact, the
original Zed3D, up to version 0.61beta,was my work notes.As such, it was
messy, incomplete and often incorrect. | have attentptedrrectthis a bit now. |

still considerthesemy work notes,but | have addedmore formal introductory
material which was not in the original document.

In this document] will attemptto describevariousaspectf computergraphics
in a clear,usefulandcompletefashion.You will find quite a bit of the theoretical
aspects, copies of the calculations and proofs | made and so forth.



However,thereis the painful fact that| am merely a student,trying to mark my
territory in the university work, and sincethis work doesnot servethat purpose
very well, Zed3Dwill oftentimesbelackingin areaghat! wish| hadmoretime to
documentAlso, | will attemptto distributeanothemice portablegraphicsengine
in the future, but that's only if | can find the time to make it.

Also, please note that this document and any accompanying
documentation/software for whictamthe authorshouldnot be consideregublic
domain.You canredistributethis whole thing, unmodified,if no feeis chargedor
it, otherwiseyou needthe author'swritten permission.Also | am not responsible
for anything that might happemywhereesvenif it's relateddirectly or indirectly to
this package. If you wish to encourage my efffee) freeto sendmea 10$check,
which will be consideredto be your official registration.If you're really on a
budget,| would appreciateat least a postcard.At any rate, pleaseread the
registrationparagraphbelow. There have beerrumoursabouta 0.70 version of
Zed3Dabout.This would be a fake, versionsbetween0.63and0.79 do not exist,
and have never existed.

Contact information

If youwishto contactme for any reasonyou shouldbe usingthe following snail-
mail addres®r my e-mailaddressGiventhat snail-mailaddressetendto be more
stable over time, you might try it if | don't answer to your electronic messages.

E-Mail Address: zed@cs.mcgill.ca

Snail Mail Address:
For the 1995-1996 school year, | will reside at:

Sébastien Loisel

3436 Aylmer Street, apartment 2
Montréal, Québec, Canada
Postal Code: H2X 2B6

Otherwise, it is possible to reach me at:
Sébastien Loisel
1 J.K. Laflamme

Lévis, Québec, Canada
Postal Code: G6V 3R1

Registration



If youwantto registeryour copy of Zed3Dfor life, andbe ableto usethe source
in any way you want, even commercial (though commercialutilization of the
documentatiorjthis file] still requiresthe written permissionof the author),you
cansendme a chequeof US$10.00.For moreinformation, pleaseconsultthe file
register.frmwhich shouldhavecomewith this documentlf you are experiencing
difficulties with registrationor if thefile register.frmis missing,pleasemail meand
we will work something out.

Overview

| am trying to put a bit more structure into tdiscumentAs such,thisis howit is
meant to be structured at this moment.

The first sectionis heavily mathematicallt dealswith transformationgy and at
large. First arediscussedinear and affine transformationswhich are usedto spin
and move stuff in spacein a useful fashion,then is discussedand justified the
perspectivaransforms.Thesetwo sectionsare very theoretical,but are required
for proper understanding of the later sections.

Then there will follow a section dealing specifically with applicationsof the
preceding theory. Namely, rotation matrices and their inverse and object hierarchy.

The third "section" concernsitself mainly with renderingtechniques.Theseare
becomingless and less important for severalreasons.The complexity of the
problem is of course not in the rendering section of the pipeline. Second, the recent
trend has pushedthe renderingpart of the pipeline into cheapvideo hardware

which cando thejob fastandeffectivelywhile the CPU s off to someother,more
importanttask. Eventually, we can hope that transformingobjectswill also be
madea part of popularlow-cost hardware but that remainsto be seen.As it is

now, this is often the job of eitherthe CPU, or sometimesve might wish to give

this job to a better co-processor (for example, a programmable DSP).

Fourthly, an attemptwill be madeto describea few shadingmodelsand visible
surfacedeterminationtechniques Shadingmodelsare but loosely relatedto the
way the polygonsare drawn. Visible surfacedeterminationdependssomewhat
more on the way polygons are drawn, and is often implemented in hardware.

Thefollowing sectiondealswith a few of the computergraphicsrelatedproblems
that are often encountered, such as error tole@malcomputationthe problem
of finding a correctly orientednormal, polygon triangulationand quaternionso
represent orientations, which are especially useful in keyframe animations.



There is also a shortglossaryand even shorter bibliography. [1] is a highly
recommendedeadingto anyoneintendingto do seriouscomputergraphics.There
is alot of overlapbetweenzed3Dand[1], though[1] doubtlesslycontainsa great
deal more information than this text. However, Zed3D does cover a rare few
topics which are more or less well covered in [1] (example: quaternions).

Of course,a lot of topics remain to be covered, such as real-time collision
detectionpoctreesandotherdatastructuresHowever,l unfortunatelydo not have
the time to write all of that down for the general public.
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Vector mathematics

Introduction

Linear algebrais a ratherbroadyet basicfield of collegelevel mathematicslt is
being taught (or shouldbe at any rate) early on to studentsin mathematicsand
engineeringHoweversimpleit is, it's a lengthy topic to discuss.And sincethis
documenis not meantasa mathematicsextbook,| will only give herethe gist of
the thing.

If you needfurther information on the topic, browseyour local library for linear
algebrabooksand somesuchgr go ask a professor.As of now, I'm not making
any bibliography for this, but if and when| do, Il try to give a few decent
references.

The purposeof linear algebrain 3d graphicsis to implementall the rotation,
skewing,translation,changesn coordinatesand otherwiseaffine transformations
to 3d object. The applicationsrangefrom merelyrotatingan objectaboutits own
systemof axisto objecthierarchy,moving camerasand can be extendedhrough
guaternions for rotation interpolation and such.

As such,linear algebrais somethinghatis essentiafor any 3d graphicsengineto
be useful.

Since my prime concernis 3d graphics,| will give only whatevertheory is
absolutelynecessaryor thattopic. What'sbelow extendsin a vary naturalway to
n dimensions, n>3, except for cross product, which is a bit awkward.

On notation
I will frequently use the sigma symbol for sums, for example, something like this:
2 osi<nG

which stands for

dtatoptast...+a.
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More generally, the notation
20

standgfor “sumof all g for all i in I”. This notationwill not be usedfrequentlyin
this work. Notation from more advanced math might be used especially in proofs.

Vector operations

A vector in 3d is noted(a,b,c) wherea, b andc arereal numbers. Similarly, a
vector in 2d is noted (a,b) for a, b real numbers.The vector for which all
componentsare null deservesa specialmention, it is usually noted O, with the
proper number of components implied in the notation but not explicitly given.

A vectorshouldbethoughtof asanorientedline segmenfrom the origin (0) to a
point P in space.Let's take a2d example(this is also valid for 3d or higher
dimension).The vector V=(1,2) can be represente@s an orientedsegmentrom
(0,0)to P=(1,2),ascanbe seenbelow. A vectorshouldalwaysbe picturedasan
arrow from 0 to the point P. Using this model, we can think of a vector from
P1=(a,b)to P2=(c,d)asthe vectorfrom (P1-P1)to (P2-P1),or from (0,0)to (c-
a,d-b). This illustratesa very important point. The vector from P1to P2 is the
exact same vector as thectorfrom 0 to P2-P1.Two vectorsthatdiffer only by a
translation are considered equivalent.

INY

2 - P=(1,2)

(0,0

Vector addition is defined as follows. Let U=(ul,u2,u3) ¥rdv1,v2,v3)thenthe
notation U+V means (ul+vl,u2+v2,u3+v3) Similarly, for 2d vectors,
(ul,u2)+(v1,v2) mean@l+vl,u2+v2)

Multiplication of a vector by a scalar is definedasfollow. GivenvectorU anda
scalar a (a is a real number), tleetd meangaxul,axu2,axu3).

Multiplication by the scalar -1 has a special notatiarU is written simply-U.

Vectordifference is defined from the abovel-V can be rewrittet+-1*V, which
is a simple addition and a multiplication by the scalar -1 as above.

11



Multiplication of two vectors hasno intuitive meaning.However,two typesof
"multiplications" of vectorsare usually defined,which havelittle relationto the
usual real number multiplication.

Thefirst is dot product. U dotV (usuallynotedU=V) yieldsa realnumber(not a
vector). (ul,u2,u3y(vl,v2,v3) meansulxvl+u2xv2+u3xv3. Similarly for 2d
vectors, (ul,u2y(v1,v2Eulxvl+u2xv2. Note that the 1d casecorrespondso
normal multiplication of real numbers in a certain way.

Vectorshavea length, definedas follow. The length (or module, or norm) of
vectorU is written |U| and hasthe value of (U= U)1/2. If the lengthof a vectoris
one, the vector is said to be of unit length, or a unit or normal vector.
Multiplying a vectorV by the scalarl/|V|is callednormalizing a vector,because
it hasthe effect of makingV a unit vector. In the 1d case,length simplifies to
absolute value thus the notation |U]|.

Dot product is also used tefineangle.U= V=|U|x|V|xCosB, wheref is theangle
betweenU andV. Incidentally,if |U|=1thenthis simplifiesto |V|xCo9, which is

the lengthof the projection of V onto U. It is of notethatUeV is O if andonly if

either@ is T/2+2km or |U|=0o0r |V|=0. Assuming|U| and |V| arenot O, this means
that if UV is O, then U and V angerpendicular, or orthogonal.

The secondproductusually definedon vectorsis the cross product. U crossV
(usuallynotedUxV) is definedusingmatrix determinantand somesuchBasically,
(ul,u2,u3¥(vl,v2,v3) is(u2v3-u3v2, udvl-ulv3, ulv2-u2vl)

It is demonstrable that the cross product of two vectors is perpendicthartieo
vectors and has a length of |U||V|SinB. The fact that it is perpendicularhas
applications which we will see later.
Exercises
Q1 - Do the following vector operations:
a) (1,3,2)+(3,5,6)
b) 1.5%(3,4,2)
c) (-1,3,03(2,5,2)
d) [(3,4,20/3)|
e) UV where |U|=2, |V|=3 and the angle between U and V is 60 degrees

f) (1,2,3%(4,5,6)

12



Q2 - Which vectors satisfy the equation(ll,1,1)=07?

Answers
Al- a)(4,8,8)
b) (4.5,6,3)
c) 13
d) 25/3
e)3
f) (-3,6,-3)

A2 - All vectorsthatsatisfyul+u2+u3=0Sincethe dot productis 0, this means
all vectorsthatareperpendiculato U. Incidentally,thesevectorscoverthe whole

planeandnothingbut the planefor which the normalis (1,1,1).All the vectorsof

the said planecanbe expressedsp(1,-1,0)+r(0,-1,1]for example]for somereal

numbers andr. This lastnotationis alsoknownasa local coordinatesystemfor

the ul+u2+u3=0 plane.

Alcoholism and dependance

Given a setof vectorU0, Ul, U2,..., Un, thesevectorsare saidto be linearly
independentif and only if the following is true:

a0xU0+alxU1l+...+arkUn=0 implies that (a0,al,a2, ... , an)=0.

If thereexistsat leastone solutionfor which (a0, al, a2,...,an)is not zero,then
there exists an infinity of them, and the vector are said loéarly dependant

The geometricinterpretationof thatis asfollows. In 3d, threevectorsarelinearly
independenif noneof themare colinear andall threeof themare not coplanar.
(Colinearmeanson the sameline, coplanarmeanson the sameplane). Any more
than 3 vectors in 3d and they are certain to be linearly dependant.

For two vectors, in 2d or 3d, they are said to be linearly independent if thegtare
colinear. 3 or more vectors in 2d are always linearly dependant.

If asetof vectorsarelinearly independentheyaresaidto form a basis 2 linearly
independenvectorsform the basisfor a plane, and3 linearly independenvectors
form the basis for a 3space

13



The termorthogonal is very frequently usetb describeperpendicular vectors.If
a basisis madeof orthogonalunit vectors(unit vectorsarevectorsof norm1), the
baseis saidto be orthonormal. Orthonormalbasisare the most useful kind in
typical 3d graphics. If a basisn®t orthonormalt "skews"the spacewhereif the
vectors are not unit, it "stretches" and/or "compresses" the space.

Eachspacehasa so-calledcanonical basis the basiswe intuitively find simplest.
For 3d space,that basisis made of the vectors(1,0,0), (0,1,0) and (0,0,1)
Similarly, the canonical basis for 2d space is (1,0) and (Qdt thatsincea basis
is a setof vectors,it would be more formal to enclosethe list of vectorsin curly
braces, for example, {(2,3) , (-1,0)}.

The vectorsof the canonicabasisaretraditionally notedi, j andk for 3d spaceor
i and j for 2d space. This leads us to introduce another notation.

If vector(a,b,c)is saidto be expressedn basispgr, thenit meanghatthe vector
is axp+bxg+cxr. Note thata, b andc arescalarsandp, qandr arevectors,thus
this combination (formally referredto as linear combination) is defined as
discussed earlier. If pqgr are ik, this translates to axi+bxj+cxk or
(a,0,0)+(0,b,0)+(0,0,c) or (a,b,c).

However,if pqgris notijk, the matteris different. For example(assumingpqr is

expressedn ik space),if p=(1,1,0),9=(0,1,1) and r=(1,0,1), then the vector

(a,b,c) in pgr spacemeans(a,a,0)+(0,b,b)+(c,0,c)=(atc,atb,b+r) ijk space.
Whatwe just did is calleda changeof basis.We took a vectorthatwasexpressed
in pgr space and expressed it in ijk space.

Note: normally, to specifywhich spacea vectoris expressedn, we shouldwrite
the spacein subscript.Example:asin the precedingparagraph(a,b,c)is written
either(a,b,c),, or (a+c,a+b,b+c), dependingon whetherwe wantit in pgr or ijk
space. This notation will help avoid many mistakes.

It would be possiblefor pgrto be expressedh someotherbasethanthe canonical
baself thatwerethe case,andif the objectivewould be to expressvector(a,b,c)
in ijk space, then it might require several transformations to get there.

For simplicity's sakein the further parts of this document,we will extendour
definition of vectors to allow for nainly realnumbercomponentshut alsovector
componentsThis meanghat(a,b,c),,, expressedh pgr space(axp+bxg+cxr) can
be written aga,b,c),,= (P,9,1)x -

Exercises

Q1 - Are the vectors (1,2,0), (4,2,4) and (-7,-4,-8) linearly independent?
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Q2 - SayvectorU=(1,3,2),, is expressedh pgr spacewherepqr expressedh ijk
space is (1,2,Q), (2,0,2), (0,-1,-1),. Express U in ijk space.

Q3 - Using Question2's valuesfor p, g andr, andthe vectorV expressedn ik
space as (1,1,1), can you express V in pgr space?

Answers
Al - No
A2 - (7,0,4%(

A3 - (1/3, 1/3, -1/3} this exercisas in fact calledaninversetransform which will
be described later.

On a plane (and of motion sickness)

Thereareseverawaysto definea planein 3d. Thefirst onel will presenis useful
because it can be used to represent a plane in n dimensional space, even for n>3.

First you needtwo linearly independentectorsto form a basis.Call themU and
V. Then,if you takeaxU+bxV for all possiblevaluesof a andb (thembeingreal
numbersof course),you generatea whole planethat goesthroughthe origin of
spacelf you wantto displacethat planein spaceby vectorW (e.g.you wantthe
point pointedto by W to be part of the plane),thenaxU+bxV+W will generate
thedesiredplane.(Proof, for a=b=0,it simplifiesto W, thusthe pointat W is part
of the plane).

Note that the aboveequationcan be written (a,b)y (U,V)+W. As suchit canbe
viewed as a changeof basis,from the canonicalbasisof 2d spaceto whatever
space U and V's basis is.

Anotherway for defining a planethat only worksin 3d is asfollows. (Note,in n

dimensional space, this will define a n-1 dimensional objastjvasseenearlier,if

A+X=0, thenA andX areperpendiculatA andX arevectors).Furthermorefor a
givenA, if youtakeall X's thatsatisfythe equationyou getall pointsin a certain
plane.A is generallycalled normalto the plane,althoughthe literaturefrequently
assumeghat the normalis also of unit length, which is not necessarythoughA

mustnot be the null vector).The valuesof X that satisfythe planeequationgiven
include X=0, sinceA+0=0for anyvalueof A. Thus,that planepasseshroughthe
origin.

15



If onewantsa planethatdoesnot passthroughthe origin, one shouldproceedas
follows. (This usesan intuitive form of affine transformationsgescribedn depth
later). First, find out the displacemenvectorK that describeghe position of the
planein relationto the origin. Thus,if you subtractK from all the pointsin the
plane,the planeendsup at the origin, andwe canusethe definition above.Thus,
the new definition of the plane i &X-K)=0.

To makethis a bit more explicit, let A=(A,B,C) and X=(x,y,z) andK=(k1,k2,k3).
Thenthe planeequationcanbe rewrittenas: Ax(x-k1)+Bx(y-k2)+Cx(z-k3)=0. A
little algebraallows us to rewrite it as Axx+Bxy+Cxz=-Axk1-Bxk2-Cxk3. By
setting D=-Axk1-Bxk2-Cxk3, we can makeone more rewrite, which is the final
form: Axx+Bxy+Cxz=D.

It is importantto rememberthat multiplying both side of the equationby a
constantdoesnot changethe plane. Thus, plane x+y+z=1 is the sameas plane
2X+2y+27=2.

Note that in this last representation(A,B,C) is the normal vector to the plane.
The last equation can also be re-written A= X=D. It would also be easy to
demonstratéhefollowing, but! will notdoit. Foranypoint P, (A= P-D)/|A| is the
signeddistanceto the planeA«X=D. The sign canhelp you determineon what
side of the plane that the point P lies on. If ,i® is on the plane.If it is positive,
P is in the directionthat the normal pointsto. If it is negative,P is on the side
opposite of the normal. This has application in visible surface determination
(namely, back face culling).

Also note that if |[A|=1, then the signed distance equation simplifiesReDA

It is easyto demonstratehat the equationfor a line in n-space for any integer
valueof n>0,is txU+W, whereU is a vector parallelto the line andW is a point
on the line. As t takes aikkal values, we generate a line.

Exercises

Q1 - GiventhebasisU=(1,3,2)andV=(2,2,2),andthe positionvectorWw=(1,1,0),
find the position in 3d space of the point (3,2) in UV space.

Q2 - Express the plane described in Q1 in the form Ax+By+Cz=D

Q3 - Find the signeddistanceof point (4,2,4)to the planeusing the answerfor
guestion 2.

Q4 - Giventwo basisvectorsfor a plane,P andQ, in 3d space,and a position
vectorfor the plane,R, plusthe directionvectorof aline, M, that passeshrough
origin, find the pqg space point of intersection between the line and the plane.

16



Answers
Al - (8,14,10)

A2 - x+y-2z=2 (hint : remember that the cross product of U amjp€érpendicular
to both U and V).

A3 - -4/(61/2)-1.633 - this meansthat the point (4,2,4) is in the direction
opposite of (1,1,-2) from the plane x+2-2z=2.

A4 - See the perspective chapter on texture mapping.

Orthonormalizing a basis

Sometimesve might havea basisB which is meantto be orthonormal but dueto
accumulation in roundoff error in tlkwmputer the vectorsareslightly off the unit
length and not quite perpendicularThenit is usefulto havea way of finding an
orthonormalbasisO from our basisB while makingsurethat O andB are "very
similar” in a certain sense.

The meaningof "very similar" canbe madeexplicit easily.Let B be the basis(bq,
by, ..., bpy) for an-dimensionakpace(bj's arevectors).Let O bethe basis(o1, 02,
..., Op). Then,we measurahe "similitude" of O andB by taking Max(|g-bj|), that
is, the greatestdifferencebetweenthe samevectorin O and B. The closerthis
numberis to 0, the more similar O and B are. The methodgiven below will

generateO from B suchthat the similitude is small enough(note that it will not
necessarily be the smallest possible, it will simply be small enough).

The process in n-dimensional space is as follows. Let
v1=bg

Vn=bn-2 1<i<n(bn® 07) 0j

o=V [Vl

Then,the basisO is orthonormaland hasgood similitude with the basisB. (Proof
is left asan exercise Hint: find an upperboundon the similitude as a function of

the maximumof the dot product betweentwo vectorsof the basisB and as a
function of the lengthof the vectorsin the basisB. Proof of orthogonalitycomes
from examining ¥ closely. Unit norm of the vectors of the basis is obvious.)

Explicitly for the 3d case, this simplifies to:

01=b1/|b1|
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vo=bp-(bz*01)01
02=v2l|vo|
v3=b3-(b3°01)01-(b3°02)07
03=v3/|v3|
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Matrix mathematics

Introduction

Matrices are a tool usedto handlea great deal of linear combinationsin a
homogeneouw/ay. The operationon matricesareso definedasto easewhatever
taskyou wantto do with them.Be it expressinga systemof equationspr making
a change of basis, to some peculiar uses in calculus.

Normally, matricesare noted using large parenthesisand the numberswritten
down in a grid-like disposition as follows. This is a generic 3x3 matrix:

mll ml2 ml
M=|m21 m22 m23
m31 m32 m3

In general,a pxq matrix is notedasabovewith the exceptionthatit hasp rows
and gcolumns.The abovematrix canalsobewritten M=(mj; ) with i andj varying
from 1 to 3. Thefirst indexis the row number,the secondindexis the column
number, as in the example above.

A matrix for which p=q, such as the M matrix above,is said to be a square
matrix . Thereexista particulartype of squarematrix called an identity matrix .

Thereis onesuchmatrix for eachtype of squarematrix (e.g.onefor 1x1 matrices,
one for 2x2 matrices, one for 3x3 matrices, etc...) As an exathplgx3 matrix is

given here:

100
010
001

Strictly speaking, the identity matrix I:(jmis defined such as:

mij:O ifizj and mjj=1 if i=j
Matrix operations
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Matrix addition is definedas follows. Given 2 matricesA:(aij) and B:(bij) of
same dimension pxg, then Uz{eA+B is defined as being j=(ajj +bjj ).

Matrix multiplication by a scalar is definedalsoasfollows. Given the matrix M
and a scalar k, then the operation Up{k=M is defined as jrkxmj.

Matrix multiplication is a bit moreinvolved.It is definedusingsums,asfollows.
Given matrix A of dimensionpxq, and matrix B of dimensiongxr, the product
C=AxB is given by:

Cjj =2 1<k<q(@ik *Dkj)

More explicitly, for example, we have, for A and B 2x2 matrices:
C11=a11¥by1+a1 2xb21

C12=2q1xb12+a1 2xb22

C21=81xb11+apxbp1

Cpo=a1xb12+apxboo

(Note: } 1(8ik*bkj) means "sum of {gxby;) for k varying from 1 to q.")

It is importantto notice that matrix multiplication is not commutative in the
generakase For examplejt is not true that AxB=BxA with A andB matricesin
the generalcase,evenif A and B are squarematrices. Matrixmultiplication is,
however, associative (ie, Ax(BxC)=(AxB)xC) and distributive (ie,
A(B+C)=AB+AC).

The identity matrix hasthe propertythat, for any matrix A, AxI=I1xA=A (I is the
neutral elementof matrix multiplication).

Matrix transposition of matrix A, notedAT, reflectsthe A matrix alongthe great
diagonal. That is, say A:piand AT:(bij), then we haveijl;qi.

Therearealsootherinterestingoperationsyou cando on a matrix, howeverthey
aremuch,muchmoreinvolved. As of now, | amnotwilling to gettoo deeplyinto

this. The topics of interest are matrix determinant(which has a recursive
definition) and matrix inversion.l will contentmyself by giving one definition of

matrix determinantand one way of finding matrix inverse.Note that thereare at
leasta couple of different definitions for determinant,though they usually boil

down to the samething. Also, there are many ways of finding the inverseof a
matrix, | will contendmyself with presentingonly one method.Strict definitions
will be given, for more extensive coverage, consult a linear algebra book.
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Givena matrix M=(mjj), of size1x1, the determinant (sometimeswritten detM)
is definedasD=m1 1. For matricesof sizenxn with n>1, the definitionis recursive.
First, pick an integer j such thatj¥n. For example, you could pick j=1.

D=mj1 xCjp tmj2xCjp+...+Mp*Cjp

The G are the cofactors of M - they require a bit more explaining, which follows.
First let us define theninor matrix Mij of matrix M. If M is a nxn matrix, thethe

Mij matrix is a (n-1)x(n-1)matrix. To generatehe Mij matrix, removethe ith line
and fh column from the M matrix.

Second what interests us is ttedactor Cij. which is defined to be:

Cjj=(-1)* xdetM;

As anexample the determinanbf the 2x2 matrix M is m11xm22-m1Zm21, and
the determinant of a 3x3 matrix M is

D= My 1%(M22xmg3-mo3xmgp)
- M1 2%(M21XM33-Mp3xm31)

+ My 3x(Mp1XM32-Mp2xmM31)

Givena matrix A, theinverse of the matrix, notedA-1 (if it exists),is suchthat A
xA-1=A-1xA=I. It is possible that a matrix has no inverse.

To inversethe matrix, we will first definethe adjacent matrix of A, which we will
call B:(qj-). Let Cij denote the i,j cofactor of A. Then, we have:

bjj =Ci

Which completely defines the cofactor matrix B. The inverse of A is then:

A-1=(1/detAxBT

Another methodof inverting matrices,which might be preferablefor numerical

stability reasons but will not be discussed here, is the Gauss-Jordan method.
Exercise

Q1 - Compute the product of these two matrices:
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mll m12 ml nil nl2 ni3
m21 m22 m23|-(n21 n22 n23
m31 m32 m33 |n31 n32 n33

Answer

Al

mlinll- m12n21— m13n31 m1inl2- m12n22— m13n32 m1in13- m12n23—- m13n33
m2inll- m22n21- m23n31 m21inl12— m22n22— m23n32 m2in13— m22n23— m23n33
m31inll- m32n21- m33n31 m31inl12- m32n22— m33n32 m31n13- m32n23—- m33n33

Matrix representation & linear transformations

The following set of equations:
M1lxx+m12xy+m13xz=A
M21xx+m22xy+m23xz=B
M31xx+m32xy+m33xz=C

is equivalent to the matrix equation that follows:

mll ml12 ml X A
m21 m22 m23/-|y |=| B
m31 m32 m3 z C

It is also equivalent to the following vector equations
P=(m11,m21,m31), Q=(m12,m22,m32), R=(m13,m23,m33)
X=(x.y,z)

D=(A,B,C)

D=X+(P,Q,R)

This meanghat matrix canbe used,amongsitherthings,to represensystemsof
equations,but also a changeof basis.Look back on the vector mathematics
chapterandyou will seethatD=Xe(P,Q,R)literally means'transformX, which is
expressedn PQR space,in whateverspacePQR is expressedn (could be ik
space for example), the answer is labeled D."
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The matrix form can also be written as follows:
MxX=D

Thisis alsocalledthelinear transformation of X by M. In this case|f the matrix
M is invertible, then we can premultiply both sidesof the equality by M-1, as
follows:

M-IxMxX=M-1xD

And, knowing that M-1xM=I (and that matrix multiplication is associativeas we
saw before), we substitute into the above:

IxX=M-1xD
And knowing that X=X, we finally get:
X=M-1xD

Thatis a very elegantefficient and powerful way of solving systemsf equations.
The difficulty is of coursefinding M-1. For examplef we know M, D but not X,
we canusethe aboveto find X. Thisis whatshouldbe usedto solvequestion3 in
chapter"Alcoholism and dependance'For 3d graphicspeople,this is the single
most useful applicationof matrix inversion: sometimesyou have a point in ik
spaceandyou wantto expresgshemin pgr space However,you don't originally
haveijk expressedh pgr spaceput you havepgr expressedh ijk space.You will
thenwrite the transformatiorof a point from pqr spaceto ijk spacethenfind the
inversetransformationas just describedand then inversetransformthe point to
find it's position in pqr space.

Another very interesting aspectis as follows. If we have a point P to be
transformed by matrix M, and then by matrix N. What we have is:

P'=MxP

P"=NxP'

By combining these two equations, we get

P"=Nx(MxP)

However, by associativity of matrix multiplication, we have:

P"=(NxM)xP
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If for instance,we plan to processa great many points through these two
transformationsn that particularorder, it is a greattime saverto be ableto first
calculateA=NxM, andthen simply evaluateP"=A xP for all P's, insteadof first
calculatingP' thenP". In linear transformationgerminology, A is saidto be the
linear combination of M and N.
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Affine transforms

Introduction

As of now, we have seenlinear transformationsLinear transformationscan be
used to represent changes of basis. However, they fail to take into account possible
translationwhichis of top priority to 3d graphics An affine transformis, roughly,
a lineartransformfollowed by a translation(or precededthoughit is more useful
for 3d graphics to picture them as being followed by the translation instead).

Affine transformations

A simple proof canbe usedto demonstratehat a 3x3 matrix cannotbe usedto
translatea 3d point. Given any 3x3 matrix A and the point P=(0,0,0),then Ax
P=(0,0,0),thus the point is untranslatedlt is merely rotated/skewed/stretched
about the origin.

However, thereis a neattrick. A linear transformin 4d spaceprojectedin a
particularfashionin 3d spaceis an affine transformation Without going into the
details,a 4x4 matrix can be usedto modelan affine transformin 3d. The matrix
has the following form:

'ml1l m12 m13 Tx
m21 m22 m23 Ty
m31 m32 m33 Tz

0 0 0 1

The (mij) 3x3 submatrixis the normalrotation/skew/stretclithe linear transform
we studied previously). The (Tx,Ty,Tz) vector is addedto the point after
transform. A point (x,y,z) to be transformed into (p,q,r) is noted:

'm11 mi2 m13 Tx x|
m21l m22 m23 Ty vy

m31 m32 m33 Tz . z -
0 0 0 1 1
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Anotherway of modelling affine transformis to usethe conventional3x3 matrix
we were using previously, and to add a translation vector after each linear
transform.The advantagef this is that we do not do unnecessarynultiplications
for translationand alsothe bottomrow of the 4x4 matrix which is (0,0,0,1)that
can be optimized out. However, the advantageof using the 4x4 matrix on the
conceptualevel (not on the implementationlevel) is that you canthen compute
affine transformationcombinationsand inversions,the exact sameway that we
were doing in the previous section.

A very specialnote. Sometimesit becomesuseful to distinguish vectors from
pointsin space.A vectoris not affectedby a translation,while a point is. To
illustrate our example,think of a planeand a plane'snormal. Let's say we take
three points in the plane, rotate them and translatethem, we get a new plane.
Thesepoints are affectedby the translationand the rotation. However,the plane
normal is only affected by the rotation.

When using affine transformswith the 4x4 matrix above, a vector (x,y,z) is
representedy (x,y,z,0) and a point is representedy (x,y,z,1). This way, when
you multiply a vectorby a 4x4 matrix, the translationdoesnot affectit (try it and
you will see), while a point is affected by it.

This very importantaspecigives meaningto the variousoperationson pointsand
vectors. Sums and differences of vectors are still vectors. (E.g.
(a,b,c,0)+(d,e,f,0)=(a+d,b+e,c+f,0)vhich is still a vector). Difference of two
points is avector. This is very important:

(a,b,c,1)-(d,e,f,1)=(a-d,b-e,c-f,0) (a vector since the last component is 0)

Sum of two points hasno meaning (It canbe given one, but for us it hasno
meaning).This s illustratedthis way: (a,b,c,1)+(d,e,f,1)=(a+d,b+e,c+f,A)he last
components no 0, soit's not a vector,andit's not 1 soit's not a point. (We could
use homogeneouscoordinatesand give it a meaning, but this is totally
unimportant.)

Sumof avectoranda pointis a point. Subtractinga vectorfrom a point yields a
point, also.
Exercise

Prove that the sum of a vector and a poirtpsintandnot a vectoror undefined,
and prove that the differenceof a point and a vectoris a point as opposedo a
vectoror undefined Whatis the meaningf any of multiplying a point by a scalar?
a vector by a scalar?
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Affine transform combination and inversion

The most straightforward wap computethe affine combinationor inversionis to
write downthe 4x4 matricesand performthe matrix operationson them. This will

yield the correctresults. It is also possibleto proceedin a different way, as
presented here.

Let an affine transformbe representedby the (M, T) couple,whereM is the 3x3
lineartransformmatrix andT is the 3d vectorwhich is addedafterthe M matrix is
applied. Then, the affine transform U of vector V can be written as:

MV+T=U

If we wantto find the inversetransform,we wantV asa function of U. Simple
matrix arithmetics tells us the following:

MV=U-T

v=M-1(U-T)

v=m-lu-m-1T (distributivity of matrix multiplication over matrix addition)
Hence, the inverse of affine transform (M,T) is-iMM-1T).

Affine transformcombinationscanbe computedn a similar way. Let'sassumewve
wantto find the affine transformU of V by (M, T), thenthe affine transformW of
U by (N,S). This means:

U=MV+T W=NU+S
W=N(MV+T)+S
W=NMV+NT+S
W=(NM)V+(NT+S)

Thus, the combination of (M, T) followed by (N,S) is simply (NM, NT+S).

Exercise
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Q1- Assumewe have three points P={P1, P2, P3} in 3d and the three points
Q={Q1, Q2,Q3} alsoin 3d. Thesepointsarereadfrom a specialdeviceandtheir
real location in 3d space is knowith very goodprecision(note:this meanghere
IS no perspectivalistortionin our data).We know thatthe pointsP andQ arethe
very samepoints,exceptthatthey'reviewedfrom a differentlocation. This means
that the pointsin Q arethe pointsin P transformedoy someaffine transformA.
However,we do not know which pointsin Q correspondo which pointsin P. (ie,
Q1is not necessarilyhe affine transformof P1,it might be the affine transformof
P2 or P3). You canassumehat the pointsP1, P2 and P3 form a nondegenerate
triangle whose sides all measure a different length.

Q2- We haveroughlythe sameproblemasin Q1, exceptnow we haven>3 points
P=(P1,P2, P3...., Pn)andthe correspondind)=(Q1, Q2, Q3,..., Qn). Canyou
find a way to computéne affine transformwhile minimizing error?(Warning- this
is difficult.)

Answer

A- First stepis to determinewhich point in Q correspondo which point in P.
Sincethey're the samepoints viewed from different angles,we can assumethe
linear transformpart of the affine transformis orthogonal,thereforeit preserves
lengthsandangles We canusethatto find which pointsshouldbe associatedTo
this purpose,let u=P2-P1,v=P3-P1.Then, find the i,j, k suchthat |u|=|Qj-Qil,
[v|=|Qk-Qi|.Sincewe assumedhe sidesof the triangle haveall differentlengths,
thereis only onei,j,k which will work. We cansimply try all 6 combinationsuntil
oneworks. Then,we know that P1 correspondso Qi, P2 correspondso Qj, P3
corresponds to Qj.

Now, let R1, R2,R3 be Qi, Qj, Qk respectively(thisis to simplify notationa bit).
We needa third vector,which we generateasfollows. Let w=uxv. Note that, as
seenin the lastsection,u, v andw are vectorsandthereforeare not affectedby
translations. Let the affine transform A be represented by (M,T) a 3x3 raatia
3d vector. Let p=R2-R1, g-R3-R1 and kep

Then, we have that p=Mu, g=Mv, r=Mw (prove it, especially the last one).

This can be re-written as
M(ulv|w)=(p|q|r)

where(u|v|w) denoteghe 3x3 matrix formedby taking the vectorsu, v andw and
putting them in as column vectors. Then, we can compute W by calculating

M=(plalulviwyl ()
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Now we have computedthe M matrix. We needto computethe T vector. We
know that R1=MP1+T, hence T=R1-MP1 and we are done.

A2- Thegeneraloutlineis similar to Al, exceptthatat step(*), insteadof using
the conventionalmatrix inversion, we need a so-called pseudoinverseamatrix,
denoted M, which is

M+=(MTM)-IMT

This matrix is a generalizationof the conventionalmatrix inverse.It minimizes
meansquareerror in overconstrainedetsof equationdike we havehere.See|[2]
for more information on this topic. Note that finding which Qi correspondto
which Pj is slightly moredifficult, but a similar methodcanbe used.Also notethat
the T vector should be computedfor all points and then averagedto minimize
error. Additionally, weweregeneratinga w vectorwhich wasthe crossproductof
u and v. Now we might require somethinganalogousto generatea linearly
independentomponentelsethe matrix will be degeneratand inversionwill be
highly error prone. This especially if the points are suspected to be coplanar.
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Applications of linear
transformations

Introduction

In this sectionwe will discussthe applicationsof the linear transformatiortheory
we saw in the previous sections.When doing 3d graphics,the usual situation
occurs. Wehavea descriptionof oneor moreobjects.We havetheir locationsand
orientationsin spaceyelativeto somepoint of referenceWe movethemaround,
rotatethem,usuallyabouttheir own coordinatesystem.The cameramight alsobe
moving, rotatingandsuch.In thatcaseit is likely thatwe havean orientationand
positionfor the cameraobjectitself. We would alsolike thatthe eyepointsin the
direction of (0,0,1) in camera space, and that up be (0,1,0) in camera space.

Orientationand position will be given by an affine transformmaitrix. The (mj)
submatrix gives orientation and the 4th column has the translation vector.

World space, eye space, object space, outer space

First off we aregoing to requirea global systemof reference for all the objects.
This is usually called "World spacé. An affine transform that describesan
object'spositionandorientationusuallydoesso in relationto world space(this is
generallynot true for hierarchicalstructuresaswe will seelater). This introduces
a new concept;a matrix A, representingan affine transformthat takesan object
from space M to space N (in our exampleisMbjectspaceandN is world space)
is usually noted A _,,. This hasthe naturaltendencyto make us combinethe
affine transform from right to left instead of left to right, which is correct.

The mosttypical exampleis asfollows. We havean objectandits affine transform
Aworid._object YWE also have a cameraposition and orientationgiven by Cyq.
In that case,the first thing we wantto do is invert the transformC, 4.
cameralO find the Ce 1 era worg transform.Thenyou will be transformingthe points

IDI in the ObjeCt with gamerarWorIdxAWorldkObjec%pI:MCamerarObjec?(pl.

Camera

As a helper, notice that the little arrows make a lot of sense, as shown below:
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Camera- World, World — Object, which concatenatesntuitively to Camera-
World — Object or simply Camera- Object. Thus, the above transformation
transformsfrom object spaceto cameraspacedirectly. One merely calculates
MCamerar Object:CCamerarWorIdXAWorIdkObject and mU|tip|ieS all Pi's with is.

Transformations in the hierarchy (or the French revolution)

It may be useful to express an object A's position and orientation relativethet to
world, but to someotherobjectB. This way, if B moves,A movesalongwith it.

In plain words, ifwe say'The televisionis resting2 centimeterabovethe deskon

its four legs", then moving the desk does not require us to changeour "2
centimeters above the desk" position - it is still 2 centimeters above the desk as it is
moving alongwith the desk(carefulnot to dropit). On the otherhand,if we had
said"The televisionis 1 meterabovethe floor" and'"The deskis 95 centimeters
abovethefloor", andthenproceedo movethe deskup 1 meter,thenthe position

of the desk is "1m95 above tfeor". Additionally, we haveto edit the positionof
thetelevisionandchangeit to "The televisionis 2 metersabovethe floor". Notice
the difference between these two examples.

This canbe implementedvery easilythe following way. Make an affine transform
that describegrientationand position of televisionin relationto the desk.This is
calledAp.q Teievision 1NeNwe havean orientationandpositionfor the desk,given
by Buora._pesk NOtice thatthis lastaffine transformis relativeto world space We
then of course have the mandatory, & cameraWhichwe invertto find the Ce,era
_worig transform.We then proceedto transformall pointsin the television to
cameraspace,andalso all pointsfrom the deskto cameraspace.The former is
done as follows:

CCamerar World>< BWorld ~ Desk XADeskk Television>< I:}I '

Notice again how the arrows concatenatenicely. The points on the desk are
transformed with this:

CCamerar World>< BWorld ~ Desk in '

Again, the arrows make all the sense in the world.

Some pathological matrices
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Rotating a pointin 2d is fundamentalln the exampleabove,we wish to rotate
(x,y) to (x',y") by an angle of b. The following can be said:

y'=sin(a+b)r x'=cos(a+b)r

With the identitiessin(a+b)=sin(a)cos(b)+sin(b)cos@)d cos(a+b)=cos(a)cos(b)-
sin(a)sin(b), we substitute.

y'=rsin(a)cos(b)+rcos(a)sin(b)
x'=rcos(a)cos(b)-rsin(a)sin(b)
But from figure 3 we know that
rsin(a)=y and rcos(a)=x
We now substitute:
y'=ycos(b)+xsin(b)
x'=xcos(b)-ysin(b)

Rotations in 3d are doneaboutone of the axis. The exactrotation usedabove
would rotate about the z axis. In matrix representation, we write the x,z/asl
rotations as follows:

1 0 0 cosf 0 -sing cosf -sin 0
0 cosB -sind 0O 1 0 sind cos® O
0 sin® cosB sinB 0 cosB =0 0o 1
(x axis) (y axis) (z axis)

Thesematricescan be extendedto 4x4 matricessimply by adding a rightmost
columnvectorof (0,0,0,1)anda bottomrow vectorof (0,0,0,1)(e.g.the 1 in the
bottom right slot is shared by the column and the row vector).
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If you want,you canalwaysspecifythe orientationof anobjectusingthreeangles.
Theseare formally referredto the Euler angles Unfortunately,theseanglesare
not too usefulfor many reasonslif two angleschangewith constantspeed,the
objectwill definitely not rotatewith constantspeed.Also, sometimesa problem
known as gimbal lock occurs,whereyou suddenlylose one degreeof freedom
(this looks like the object'srotationin a direction stops,to startagainin another

strangedirection). Furthermore the anglesare not relative to object coordinate
system nor world coordinate system.

Thusit is preferableto specifyobjectorientationwith anorientationmatrix. When
rotation abouta world axis is desired,the orientationmatrix is premultiplied by
one of the aboverotation matrices,and when a rotation aboutan object axis is
desired,the orientation matrix is postmultiplied by one of the above rotation
matrices. Note that it is possibleto rotate about an arbitrary vector and/or
interpolatebetweenany two given orientationsvhenusingquaternions, which is
covered in a later chapter..
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Perspective

Introduction

Perspective wasrovelty of the Renaissanceét existeda long time beforebut had

beenforgottenby the westerncivilizations until that later time. As can be seen
from paintingsbefore Renaissanceartists had a very poor graspof how things

should appearon a painting. The edgesfrom tablesand deskswere not drawn

convergingto an "escapepoint”, but ratherall parallel. This gavethesepaintings
the peculiarfeelingthey havewhencomparedo more modern,more perspective-
correct paintings.

Perspectivas the namewe give to that strangedistortionthat happensvhenyou

take areal-life 3d sceng(your garden)andtake apictureof it. The flowersin the

foregroundappeartargerthanthe barnin the backgroundThis particulareffectis

sometimeseferredto as foreshortening. Other effects comeinto play, suchas
focusblur (very likely, you were eitherfocussedon the flowers or the barn; one
looks clear, the other is very fuzzy), light attenuation,atmosphericattenuation,
etc...

We know todaythatlight raysprobablyaren‘'tmovingin a straightline at all. Even
in the vacuum, they oscillate a bit. When travelling through matteriévistedall
the time, splityeflectedandall sortsof othernonsenseSometimest canbe useful
to model all these nice effects, however, they are not always necessaryor
desirable Onething is for sure,a perfector near-perfecsimulationof all thatwe
know aboutlight todaywould be tremendouslyCPU-intensiveandwould require
an incredible amount of work on the software end of the project.

In normal, day-to-day life, when you're significantly larger than an atom but
significantly smallerthana planet,light is usuallypretty linear. It travelsin straight
rays, only bendingat discrete points that are more or less easyto calculate,
definitely more than the fuzzy way light bends in a prism.

A further simplificationthatwe canmakeis thatlight only reflectsdiffusely on the
objectsaroundyou. This is usually the case,unlessyou come up to a highly
polishedor metallic surfacewhereyou canseeyour reflection.But the usualdesk,
bed, snakeand starshipsare pretty dull in appearancewith perhapsa diffuse
highlight from where the light is coming from.
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Anothersimplification we usuallymakecomesfrom the fact thatlight bouncesoff
everything and eventually starts coming from about all direction with a low
intensity. This is often calledthe ambientlight. Somefurther optimizations,more
hacksthan actual physical observationswill make you go faster and still look
good.

A simple perspectively incorrect projection

The most simple projection is an affine transformfrom 3d to 2d, sometimes
referredto as parallel projection. As an example,the transform(x,y,z)- (X,y)
transformsthe point (x,y,z) in 3d to the point (x,y) in 2d, is sucha transform.
Another simple example is the (X,y;z{x+z,y+z) transform. The problem with this
IS, no matterhow far or closein z the objectis, it alwaysappearghe same sizen
the screen. This, or a variant of this, is tfaieall of the parallelprojections.These
projectionsare called parallel becauseparallel lines in 3d remain parallel once
projected in 2d. The image below is a parallel projected cube:

—

J

The perspective transformation

b projection plane
[coordinates [u,v]]

polygon with
local coordinates

[i.j)

BYEm) |,

world coordinates [x.v.z]
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The perspectivetransformation (or perspectiveprojection) is incredibly simple
onceyou know it, butit is oftengoodto know whereit comesfrom. We will put
to use some of the assumptions we previously stated.

The first assumptionrwe madeis that light goesin a straightline. This is great
because it will allow us tmmakemaximumuseof all the linearmathwe havelearnt
since high-school.

What we have to realize i®r the eyeto seeanobject,light hasto travelfrom the
objectto the eye.Sincelight travelsin a straightline, it hasto eithergo straightto

the eye or bounce off a few reflective surfaces before getting there. However, since
we areassuminghereareno suchreflectivesurfacesn the environmentthe only
possibility left is that the light comes straight from the object to the eyelifidis
formally referred to as a projector.

Anotherway doingit is the exactinverse.Startingfrom the eye,shootarayin a
direction until it hits something. That is what you are seeing in that direction.

Obviously, we ar@ot goingto shootaninfinite numberof raysin all direction,we
would never even start generating an image if we did that. The usual
approximationis to shoot a finite amountof rays spreadover an areain an
arbitrary manner.

Thereis anothematterthatneedgo betakencareof. In reality, theimagewill be
sentto screenpaperor someothermedia.This meanghat,in our model,the light
doesnotreachthe eye,it stopsat the screeror paper,andthatis whatwe display,
sothatreality takesoverfor therestof theway andcarriesreal light raysfrom the
screento the real eyes. This posesa problem of finding where the light rays
intersect the screen or paper.

Using the materialin the previoussection,we are ableto transformall objectsto
cameraspacewhereforwardis (0,0,1)andup s (0,1,0)andthe eyeis at (0,0,0).
We still do not know wherein spacethe screerlies. We will haveto makea few
moreassumptionsthatit is in front of the eye, perpendiculato the eyedirection
whichis (0,0,1),andflat. The distanceat which it lies is still undecided\We will

just work with the constant k for tltestancethenseewhatvalueof k interestaus
most. The eye is formally referredto as centerof projection,and the planethe
surface of projection.
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Sinceit is flat, it lies on a plane.The planeequationin questionis Ax+By+Cz=D
as seen before, where (A,B,C)=(0,0,1) is the plane normal. Thus the plane
equationis z=D. The distancefrom the eyeis thusD, andwe wantit to be k, so
we set D=k. The plane equationis thereforez=k. We set a local basisfor that
plane with vectorsi=(1,0,0) and j=(0,1,0) and position W=(0,0,k). The plane
equationis thus (a,b) (i,j))+W. (a,b) are the local coordinateson the plane.They
happento correspondo the (x,y) positionon the planein 3d spacebecaus«i,))

for the plane is the same as (i,j) for the world.

The question we now ask ourselgthis: givena point thatis reflectinglight, say
point (x,y,z), what point on screenshouldbe lit that crosseshe light ray from
(x,y,2) to the eye, which is at (0,0,0).

Here we will use theefinition of theline in n spaceve mentionedoefore(namely,
tV+W). Sincethe light ray goesfrom (x,y,z) to (0,0,0),it is parallelto the vector
(x,y,2)-(0,0,0)=(x,y,z). Thus, we can set V=(x,y,z). (0,0,0) is a point on thesbne,
we can set W=(0,0,0). The line equation is thus t(x,y,z).

We now wantthe intersectionof theline t(x,y,z) with the planez=k. Settingt=k/z
(assumingz is nonzero),we find the following: k/z(x,y,z)=(kxx/z,kxy/z k). This
pointhasz=k thusit is in the planez=k, thusit is the intersectionof the planez=k
and the line t(x,y,z).

Trivially from that, we find that the point (a,b) on screen arxfkkxy/z). Thus,
(x,y,z) perspective projects to (kx/z, kxy/z).

A small note on aspectratios. Sometimes,a screen'scoordinate system is
"squished"on one axis. In this case,it would be wise to "expand"one of the
coordinateso makeit largerto compensatdor the screenbeing squished.For
example|f the screemnpixels are 3/4 aswide asthey arehigh, it would be wise to
multiply the b componentof screenposition by 3/4, or the a componenty 4/3.
This can be computedusing 2 different valuesof k insteadof the same.For
example, use k1=k and k2=ratio*k. Then, the perspective projection equation is:

(x,y,2) perspective projects to (kkx/z, k2xy/z).

Referring again to physicenly onepoint getsto be projectedto a particularpoint
on screen.That is, closer objectsobscureobjectsfarther away. It will thus be
useful to do some form efisible surfacedeterminatioreventually. Anotherspecial
caseis that anythingbehindthe eye doesnot get projectedat all. Thus,if before
the projection,z<0, do not project. The imagebelow is a perspectiveprojected
cube. Compare with the parallel projected cube of the preceding section.
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Theorems

Thefollowing theoremsare not alwaysentirely obvious,but they are of greathelp
when doing 3d graphics.l will attemptto give the readerrough proofs and
justificationswhen possible,usually they will be geometricalproofs for they are
much more natural in this case.Theseproofs are not very formal, but formal
proofs are not hard to find, just much less natural.

A line in 3d perspective projects to a line in Bdwever line segmentsometimes
have erratic behavior. The proof is as follows. Ifdbgectto projectis a line, then

the sef all projectorspassthroughthe centerof projection,which s a point, and

the line. Since projector are linear, they all belong to the platediredby the line

andthe point. Thus, the projectionwill lie somewheran the intersectionof the

plane P and the projection plane. However, the intersectionof two planesis

generally a line. Here follows the exception.

If the planesare parallel,sincethe projectionplanedoesnot passon the eye,they
are necessarily disjoint. The projection in this case is nothing.

A line segmengenerallyprojectsto a line segmentFirst, the only portion of the
line segmentthat needsto be projectedis the portion for which z>0, as seen
previously.If the segmentrossez=0, it shouldbe cut at z=0, and only the z>0
section kept. Second, the projectors for a s§egmentll lie in a scaledup triangle
which intersectghe projectionplanein a particularway, andthe intersectionof a
triangle and a plane is always a line segment.

Next proof is the proof thata n-gon (a n-sidedpolygon,example trianglesare 3-
gons,squaresare 4-gons,etc...) projectsto a n-gon.It canbe demonstratedhat
any polygoncanbe triangulatedn a finite setof triangles,so the proof is keptto
trianglesonly. Also, if then-goncrosses=0, it shouldbe cut at z=0, andonly the
z>0 section kept.

A triangle projectsto a triangle. The projectorsof a triangleall lie in an infinitely
high tetrahedronand the intersectionof an infinitely high tetrahedronand the
projection plane, in the non-infinite direction is always a triangle.
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In a similar line of thought,the setof all projectorsof a sphereform a cone.The
intersectionof the conewith the projectionplanecanform any conic. Namely,a
hyperbola,an ellipse or a circle. If the spherecontainsthe origin, the projection
fills the whole projection plane.

Other applications

By not losing sight of the idea behindthe projection,one can accomplishmuch
morethanwhathasbeenjust describedOneexampleis texturemapping.Often,a
polygon will be drawn on screen, but some properties of the polgggcolor for
example)changesacrosshe polygonin 3d space Whenthis happensye wantto
know what point from the polygon we are currently drawing. An applicationof
this is texture mapping.

Texture mapping involvestaking the point on screen finding the projectorthat
goesthroughit andfinding theintersectiorof that projectorwith the polygon.We
thenhavea pointin 3d space However,it is usuallymuchmoreusefulto makea
local 2d coordinatesystemfor the plane containingthe polygon and make the
propertya function of the locationin that2d coordinatesystem.This is what! did
below in the snapshot of the screen from my math software.
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Let (u,v) be the coordinates on the projection plane, (p,q) the coordinates on the projected plane,
(Xp,Yp,Zp) and (Xq,Yq,Zq) the two vectors defining the plane, (A,B,C) the origin of that plane and the
projection x=k1*z*u, y=k2*z*v. Then, the intersection of the projection ray and the projected plane in
the projected plane's coordinate system (p,q) in function of the projection plane coordinate system
(uv)is:

z =p-Zp-0gZq-C

klzu=p-Xp-qgXg-A

k1(p-Zp - g-Zq— C)-u=p-Xp - g-Xg - A  Equation A

k2.zv=p-Yp—qg-Yg-B

k2(p-Zp - g-Zq—- C)-v=p-Yp-q-Yq— B  Equation B
Now, let's solve for p then for g.

k1-(p-Zp - g-Zg— C)-u=p-Xp — g-Xq - A

_ -(kLugZg—-klLuC-qgXq-A)
(k2:Zp-u - Xp)

p

k2(p-Zp-qg-Zqg—-C)v=p-'Yp—-qYq—B

-(-k2v-Zp-A — k2v-CXp - Yp-kLu-C— Yp-A — B-k1-Zp-u - B-Xp)

q:
(-k2v-Zp-Xq — k2v-Zg-Xp - Yp-kLu-Zq - Yp-Xq - Yg-k1-Zp-u - Yg-Xp)
((Zp-A — C-Xp)-v-k2— (Yp-C- B-Zp)-u-k1- B-Xp - Yp-A)
((-YpZg—YqgZp)-u-kl- (-Zp-Xg— Zg-Xp)-v-k2— Yp-Xq - Yg-Xp)
Similarly,

(k1u-Zg-B- k1 u-C-Yq— Xg-k2v-C- Xg-B- A-k2v-Zq - A-YQ)
(-k2v-Zp-Xq — k2v-Zg-Xp - Yp-kLu-Zq - Yp-Xq - Yg-k1-Zp-u - Yg-Xp)

((Zg-B- CYQ)-u-kl- (Xq-C- A-Zq)-v-k2— A-Yq - Xq-B)
((-YpZg—Yq-Zp)-u-k1l- (-Zp-Xq — Zg-Xp)-v-k2— Yp-Xq - YQ-Xp)

As can be quite plainly seenabove,the equationsfor p and q aboveare of the
form:

p=(Du+Ev+F)/(Au+Bv+C)
g=(Gu+Hv+I)/(Au+Bv+C)

Notice that the denominatoris the samefor both p and q. The valuesfor the
coefficientsA through| can be found by examiningthe snapshotof the math
software screen above.
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Constant Z

Thereis one specificcasethat might be especiallyinteresting,given slow division
but fast addition. The plane equation for a polygon is Ax+By+Cz=D. The
projectionis u=k1x/z, v=k2y/z. Then,we get x=uz/k1, y=vz/k2. By substituting
this into the plane equationof the polygon, we find A(uz/k1)+B(vz/k2)+Cz=D.
Then, we transform as follows:

Z(A'u+Bv+C)=D  (A'=A/k1, B'=B/k2)

Let us examinewhat happenswhen we look at a slice of constantz in the
polygon's plane.

k(A'u+B'v+C)=D
Mu+Nv+K=0 (M=kA', N=kB', K=C-D)

This is a line equationin (u,v) space.This meansthat, assumingnon degenerate
casesa constantz slice of the polygon'splaneprojectsto a line in the projection
plane.Furthermoreandinterestinglyenough the slopeof the line is independent
of z. Therefore,for a given polygon plane,all the constant-zines of that plane
projectto parallellines on screen.However,looking back at the Ax+By+Cz=0,
taking aconstantz, we geta line equationof x andy, therefore theintersectiorof
a constant z plane with the polygon plane is also a line.

Now let's examinethe projectionequation.Let us assumehat we wish to project
everythingthat'son a specificconstant-ine of the polygon.Then,the projection
equation is simply u=Px, v=Qy, where P=k1/z, Q=k2/z, constants.

This is what it all boils down to. In any polygon, there are lineastantz. If we
wantto texturemapthe polygon,we only needto find theselinesanddraw them
on screenmerely scalingthe texturefor suchlines by a constant.Sinceall these
lines are parallelon screen,it is possibleto find the slopethe line on screenthat
will yield a constantz on the polygon'splane,andthendraw to the screenusing
theseas scanlinesOne hasto be carefulto cover eachpixel, but thatis not too
difficult.

As an example,a wall's constant-zlines are vertical once projected (assuming
we're looking at it upright)A floor or ceiling'sconstant-4inesarehorizontalonce

projected.This can be exploitedto texture map floors, ceilings and wells very
quickly.

Texture mapping equations revisited
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We derivedthe texturemappingequationausingthe intuitive mathabove,andgot
nastylooking rational expressionsvith evennastiercoefficients(the constantsA,
B, C,D, E, F, G, H andl). In practiceit might be usefulto try to find an efficient
way of computing these constants.

Thereis a cleverway to calculatetheseconstantsbut first we haveto write down
a few properties.First let us observethat our texture map is an affine mapping
from our (x,y,z) 3d space to the (p,q) 2d texture map, which means that:

1- p=P1Ixx+P2xy+P3xz+P4
g=QIxx+Q2xy+Q3xz+Q4
(for some P1, P2, P3, P4, Q1, Q2, Q3, Q4).

Second,assumehat the plane equationof the polygonto be texture mappedis
given by

2- Ax+By+Cz=D (where (A,B,C) is the plane's normal, of course)

Third, write down the perspective projection:

3- (u,v)=(k1x/z,k2x/z)

From 3, get (x,y) as a function of u, v and z:

3a-  (x,¥)=(uz/kl, vz/k2)

Substitute x and y into the equation we had in 1 and 2 to get:

4- p=Pluz/k1+P2vz/k2+P3z+P4
0=Q1luz/k1+P2vz/k2+P3z+P4

5- Auz/k1+Bvz/k2+Cz=D

Now divide 4 across by z, get:

6- p/z=P1l/kXxu+P2/kxv+P3+P4/z=R%u+R2xv+P3+P4/z
0/z=Q1/kxu+Q2/k2xv+Q3+Q4/z=Sku+S2xv+Q3+Q4/z

From 5, find 1/z, get:

7- 1/z=(A/(Dxk1))xu+(B/(Dxk2))xv+(C/D)=Mu+Nv+O *

Look at 7 and compute P4/z and Q4/z by multiplying acrossby P4 and Q4
respectively:
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8- P4/z=P&Mu+P4xNv+P4xO
Q4/z=Q4&Mu+Q4xNv+Q4xO

Substitute these two equations into 6 and get:

9- p/z  =RIxu+R2xv+P3+P&Mu+P4xNv+P4x0O

=(R1+P&M)xu + (R2+P&N)xV + (P3+P4O0)

=JIxu+JI2%v+J3 (**)
(similarly)
Q/Z =K1xu+K2xv+K3 (***)

Now examine(*), (**) and (***). Theseare all linear expressionsn (u,v). This
means that:

. 1/z is linear in screen space (u,v) after the perspective transform
. p/z is also linear in screen space after perspective transform
. g/z is also linear after perspective transform

Which leadsusto thefollowing conclusionswe caninterpolatelinearly 1/z across
the screenfor a polygon, and that will be perspectivecorrect. We can linearly
interpolatep/z acrossthe screenfor a polygon,andthat will also be perspective
correct.We caninterpolatelinearly g/z acrossthe screenfor a polygon and that
will alsobe correct. Then,we canfind the (p,q) texturecoordinateof any texel as
follows:

p=(p/z) 1 (1/2)
q=(a/z) / (1/z)
A simple quotient of our linearly interpolated values.

This simply allows usto usemaybealreadyexistinglinear interpolationroutinesto
figure out the perspectivecorrect texture mapping, with only a simple tweak
added.

Bla bla
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Otherapplicationscanalsobefoundto thetheoryof the perspectiverojection.A
popular application is for the rendering of certain types of space partitions,
popularly referredo asvoxel spacesStartwith a shortvectorin thedirectionyou
want to shoot the light ray, and start at the eye. Move in short stepsin the
direction of the light ray until you hit an obstacle,and when you do, color the
screen point with the color of the obstacle you hit.

Basically, everything flows from the idea of this projection.

Reality strikes

In reality it is impossibleto shootenoughprojectorsthroughpointsto coverany
areaof the projectionplane,no matterhow small. The compromisés to acceptan
errorof aboutonepixel, andshootprojectorsonly throughpixels. This meansyou
might entirely miss things that project to somethingsmaller than a pixel, or
incorrectlyattributethema whole pixel. Thesedetailsbecomemportantin quality
renderinglIn thatcase stepshaveto betakento ensurethat sub-pixeldetailshave
someform of impacton the global outlook of the image.Different techniquescan
be used which will not be described here.

Anotherthing we'regoingto do is only projectthe verticesof lines and polygons
and usethe theoremswe found earlier to figure out the aspectof the projected
object.For example when projectinga triangle, the projectionis the triangle that
passeshroughthe projectionof the verticesof the unprojectedriangle.However,
these projected vertices will very liketpt fall on integerpixel values.In this case,
you havethe choiceof eitherroundingor truncatingto the nearespixel, or taking
into accountsub-pixelaccuracyfor verticesin your drawing routine. The former
can be easily done, the latter is a much more involved topic which will not be
discussed.

The stateof things as they are at the momentof this writing makesthe texture
mappingequationsa bit too expensiveat 2 divisionsper pixel. On mostprocessor
today, division is usuallgignificantly slowerthanmultiplication,andmultiplication
itself is significantly slower than addition and subtraction.This is expectedto
changein the nearfuture however.In the meantime, one can useinterpolations
instead of exact calculations. These are discussed in the next section.
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Note that the operationsX=A/C and Y=B/C can be replacedby the operations
T=1/C, X=TxA, Y=TxB. This essentiallyreplacestwo division by one division
andtwo multiplications,which cansometimese actually faster.This exploitsthe
fact that the denominatoraire the same just asin texturemapping.Additionally,
the T=1/C computationcan be implementedusing a lookup table. Or logarithm
tablescan be used, by noting that axb=exp(log(a)+log(b))and a/b=exp(log(a)
log(b)), replacinga multiplication or division by three lookups and an add or
subtract All thesetricks have beemusedat sometime or other. They all havethe
disadvantagef being less preciseand taking up memory. Moreover, as CPUs
becomefasterat math, thesemethodare actually slower than a normal division
operation(example,PowerPC).As such, these methodsare quickly becoming
obsolete, except on legacy hardware such as all PC's which use Intel CPUs.
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Interpolations and approximations

Introduction

Frequentlyin computergraphicscalculationgrequiretoo muchprocessingpower.
Whenthis problemarises,many solutionsare at hand. The most straightforward
solutionis to completelyforget aboutwhatevercauseshe lengthy calculations.
However,that might not be satisfying. The secondmost straightforwardsolution,
in a certain sense,is to get faster hardwareand contendwith slower image
generationThat still might not be satisfying.If this is the case,the only solution
left to us is to approximate.

Generallyspeakinggivena relatively smoothfunction of x overafinite range,it is

usually possibleto approximateit with another,easierto computefunction over
the samerange.Of course,this will generatesomeform of error. Ideally, we
shouldpick the approximatingunction asto minimize this error while conforming
to whateverconstraintsave may impose.However,minimizing error is not always
straightforward,and it is also usually preferableto find a good approximating
function quick than the best approximating function after complicated
computations.(In the latter case,we might as well not approximate.)Error
computation is a rather complicated topic, and | do not wish to get inveited

in here. For the more formally orientedreader,one popular definition of error
between f(x) andj(x) is J(f(xX)-g(x))4dx, theintegralis to betakenovertheinterval
over which g(x) is to approximate f(x).

Oneof the more populartype of approximatingfunctionsare polynomials,mainly

becausehey can usually be computedincrementallyin a very cheapand exact
manner.Fourier seriesare generallynot useful becausetrigonometric functions
cannotbe computedvery quickly. A very niceway of generatingan approximating
polynomialis to usethe Taylor seriesof the function we want to approximate,
assuming we have an analytical form of the said function.

Polynomialswill be usedto approximateeverythingfrom squarerootsto texture
mapping to curves.

Forward differencing
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Forward differencing is usedto evaluatea polynomial at regularintervals.For
example, given the polynomial y=axx+b, which is a line, one might want to
evaluate it at every integer value of x to draw a line on screen.

We must of courseinitially computey(0)=ax0+b, or y(0)=b. But then, we can
exploit coherence. Coherencas somethingthat occursjust abouteverywherein
computer graphics, and exploiting it can tremendously cut down on the
computations.

The nextvaluewe areinterestedn is y(1). But, y(1)=y(0)+y(1)-y(0).(Notice that
the y(0)'s cancelout). However, y(1)-y(0)=a. Thus, y(1)=y(0)+a. Furthermore,
y(2)-y(1)=a,thuswe canaddato y(1) to find y(2) andso on. Generallyspeaking,
y(n+1)-y(n)=[ax(n+1)+b]-[axn+b]=a.

This extendsto higherorder polynomials.As an example let'sdo it on a second
degreepolynomial,andin a moreformal mannerWe will suppose stepsizeof k
instead of 1 for more generality, and the following generic polynomial:

y=Ax2+Bx+C

First, let's find y(n+k)-y(n) as we did before:

y(n+K)-y(N)=[A(n+kP+B(n+k)+C]-{An%+Bn+C]
=[AnZ+2kAn+Ak2+Bn+kB+C]-[AnZ2+Bn+C]
=2kAn+AkZ2+kB

Let's call that last result dy. Thus, y(n+1)=y(n)+dy(n). Now the problem is
evaluatingdy(n). However, dy(x) is itself a polynomial (first order; a line), so
forward differencingcanalsobe appliedto it. We thusneeddy[n+k]-dy[n], which
is simply 21€A.

Concretely, this is what happens. Let's say we havediyaomialx2+2x+3with a
stepsizeof 4 overtherange3-19, inclusively. We thushaveA=1, B=2, C=3.We
calculated dy(x) to be 2kAx+AkkB=2*4*1*x+1*4 2+4*2=8x+24.

First of all we calculatethe initial valuesfor y and dy, which are y(3)=18 and
dy(3)=48. The incremental value for dy is 2kA=32. Then, we proceed as follows:

Value of...
X y(x)  dy(x)
3 18 48

(as initially calculated - now add dy(x) to y(x), 32 to dy(x) and 4 to x)
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7 66 80
(once more, add dy(x) to y(x) and 32 to dy(x) and 4 to x)
11 146 112
(etc...)
15 258 144
19 402 176

These can be extendedto certain multi-variable polynomials also. Typically,
however the simplefact thatthe polynomialcanbe incrementallyevaluatedacross
a scanlineis sufficient. Bilinear interpolations(r=Ap+Bq+C) are a specialcaseof
multi-variable polynomials which can be evaluated espeaiadlyin anincremental
fashion. Theseoccur naturally when interpolatingtexture coordinatedinearly or
Gouraud shadingacross a triangle.

Approximation function

Finding the approximation function is the real problem. When trying to
approximatea function, we usually want to minimize error measurein some
specific way. However, sometimesadditional constraintshave to be takeninto
account.For example wheninterpolatingvaluesacrosspolygons,care shouldbe
takenthat they are interpolatedin a way that doesnot causetoo much contrast
and/or mach banding along the edges shared by more than one polygon.

One of the more obviousways of generatingan approximationpolynomialis to

makea Taylor seriesexpansionof whateverfunction you wantto approximate
andonly usethe first few terms(Taylor seriesis taughtin Calculusandis beyond
the scopeof this text). This, however,doesnothingaboutthe edgeconstraintwe

just mentioned However, Taylor seriesdo just fine, for example for normalizing
vectorsthat are supposedto be normal but due to error buildup aren't. The

problem with normalizing a vector is that vector (a,b,c) has a norm of

N=(a2+b2+c2)1/2 andthat the normalizationof (a,b,c)is 1/N x (a,b,c).Usually,

extracting a squareroot is very long, and a division is also longer than a

multiplication. It would be niceif we couldfind anapproximationof 1/sqgrt(x)and
multiply by that instead. Actually, the two first terms of the Taylor series
expansion of 1/sqrt(x) about 1 are:

1/sqrt(x)(3-x)/2 (around k1)
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The division bytwo canbe accomplishedvith a bit shift, andsubtractions usually
fairly faston any CPU. Using x=a2+bh2+c2, we canfind 1/sqrt(x)muchfasterthan
otherwise.

1

Taylor

The picture above demonstrates what happdrenoneapproximates valuethat
variessmoothly acrossfaceswith a Taylor series.The upperhalf of the picture
showsa squarefor which the intensity of a pixel (x,y) is 1/x. The leftmost pixels
have x=1 (intensity 1), and the rightmost pixels have x=3 (intensityTiii&Jower
half showstwo Taylor approximationsThefirst Taylor seriesexpansiorwasdone
aroundx=1, the Taylor polynomialis thus 4-6x+4x2-x3. This correspondso the
lower left square. As can be seen,nearthe left edge,the Taylor seriesis nearly
perfect.Nearx=2, though,it goeshaywire. The bottomright squareis a Taylor
seriesexpansionaboutx=2 (the polynomialis 2-3/2x+1/2-1/16x3). As can be
seen,t is muchcloserto the real thing, but that'sonly becausel/x becomesnore
and more linear after that point. But things that are linear after the perspective
transform are the exception rather than the rule.

The moral of this story is that if two facesare nextto eachother, and that the
shading (or any other property) is really a continuous function, but we
approximateit using Taylor seriesaboutarbitrary points, it is very easyto get
something that does not look continuous at all.

Thus, it would be unwiseto do a Taylor seriesexpansionof texture mapping
equationspr Phongshadingandthelike. Notethata propertythat varieswith 1/x
is not ararething in computergraphicsbecausef the perspectivdransform thus
the example is very relevant.

A theoremof analysisthat interestsus is as follows. Given n pointsin the plane
(assumingnone havethe samex coordinate),thereis a unique polynomial that
passeshrough all thesepoints. This polynomial can be found using the linear
mathematicsve were using previously.Here follows an examplewith a second
degree polynomial.

49



Let's saywe want to find the quadraticpolynomial that goesthroughthe points
(x0,y0), (x1,yl) and (x2,y2). We know the polynomial is of the form
Ax2+Bx+C:y. We rewrite all these constraints as the following equations:

Ax02+Bx0+C=y0
Ax12+Bx1+C=y1
Ax22+Bx2+C=y2
This can be re-written as the following matrix equation:

x02x01A yO
x1> x1 1 B |=|yl
7x22x21ic y2

Which canin turn be re-written as XxA=Y. Notice that X andY are constant.
Then we solve for A, writing

A=X-1xy

Different typesof constraintscan be put on the polynomialsor its derivative(s),
yielding different types of polynomials. The subject of interpolation is quite
extensive and will not be fully discussed here.
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Polynomial Splines

Introduction

In this section,l will haveto assumea basicknowledgeof calculus.Note thatthe
topic of splineis ratherbroad,henceonly the basicswill be coveredhere.For a
more detailed discussion, one can see [5].

Sometimesve havemanycontrol points (10, for example)that we wantto useto
generatean interpolatingpolynomial. However,we might not wantto usea 10th
degree polynomial for several reasons. They're hard to evaluate. They're
numerically unstable. They tend to oscillate wildly between control points.

To resolvethis, we makelower degreeinterpolatingpolynomialsfor eachsection
of the curve. Typically, polynomials of degreel (lines), 2 (quadratics)or 3
(cubics) are used. Polynomialsof degreehigher than 5 are unwieldy and also
sometimes exhibit undesirable behavior.

Basic splines

A splinewill bedefinedby its type anda list of control pointsof the form {p1, p2,
p3, ..., pn} wherepi=(xi,yi) somepointin 2d space.Thetype canbe a simpleline
segmenjoining eachcontrol points, or somethingmore complexlike a Catmull-
Rom cubic spline. Note that a spline does not necessarilypass through all
interpolationpoints.It is evenpossiblethat a splinedoesnot passthroughany of
the control points. We will examine such cases later.

Wewill startby anexamplesplineof degreel thatinterpolateghroughall control
points. An example picture is shown below:
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In the diagram,the points pi are orderedfrom left to right, and this is what will
happen most of the time, though it is not necessary for now.

The spline is made up of 5 spline segmentswhich are line segmentsin this
particularcase.Let's look at the first segmenthat goesfrom p1 to p2. We can
easilyfind the equationof that line using basicalgebra.Remembethat p1 is the
point (x1,y1) and p2 is the point (x2,y2). Té@inesegmentsinceit is aline, is of
the form y=mx+b. This line segmentgoesthroughpl and p2, hencethesetwo
equations have to verify:

yl=mx1+b
y2=mx2+b

We havetwo equationsandtwo unknowns(m andb), sowe cansolvefor m and
b. Note that this equation can be represented in matrix form:

A
v2/ x2 1/ \b
This form will be more interestingfor higher degreesplines,so we will usethis
notationfrom now on. Using linear algebra,we can solve to the (m,b) column
vector aboveand we then know the spline segmentfrom p1 to p2. One of the

many problemswith this splineis thatit's not very smooth.How do we express
smoothness? We use the principle of continuity.

A curveis saidto bein C1 continuousf its first derivativeis continuousA curve
is in C2 if its secondderivativeis continuous.Generallyspeakinga curvein Cj's
jth derivativeis continuous.For completenessye let CO be the family of curves
which are continuous.

Smoothnesganbe expresseds continuity. The splinewe madeaboveis in CO,
but not in C1. (Indeed, at control points, the slope changes abruptly,thefficgt
derivative is not continuous).
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A very important note: all polynomiaégein Coo, thatis, they canbe differentiated
infinitely many times. Therefore,if our spline is made of one polynomial, it is
inherentlyvery smooth.The problem is,splinesaren‘texactly polynomials,they're
polynomialsegmentgluedtogether However,if you look only at onesegmenbf
the curve, excludingits endpointsthenit's in Ceo. Therefore,the only thing that
might make it less thano€is what happens at the endpoints of curve segments.

To illustratethis, we will now createa quadraticsplinewhich is in C1. Sincewe
will be using this spline repeatedlyin our examples,we will nameit the Zed
splineThis is how we define the curve segment from p[i] to p[i+1]:

1- the quadratic goes through p[i]
2- the quadratic goes through p[i+1]

3- at p[i], the slopés the sameaswhateverthe previoussplinesegmenhasat that
point.

Assume the previous curve segmentwas y=A[i]x 2+B[i]x+C[i]. Then, the
derivative of that curve segment is:

y'=2A[i]x+B]i]
And at p[i], the derivative is:
yTiI=2A[ix[i]+B[i}=K *)

The new curve segmentis y:A[i+1]x2+B[i+1]x+C[i]. It goesthrough p[i] and
p[i+1] hence:

y[iI=A[i+2]x[i] 2+B[i+1]x[i]+C[i+1]
y[i+1]=A[i+1]x[i+1] 2+B[i+1]x[i+1]+C[i+1]

Its derivative at y[i] is
y'[II=2AI+1]x[i]+B[i+1]=K (K comes from (*))

We can re-write these three equations as:

v, XF % 1AL
Yiee = <X|71>2 X 41 B
K 2:X 1 0 C|7l

Then we can solve for the (A,B,C) vector.
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Thereis still the questionof generatinghe very first splinesegmentsincethereis

no suchthing as"previousspline segment'slopeat p[1]" (we'll havea hardtime

computingK). One solutionis to let the first spline segmentbe a quadraticthat

interpolateshroughp[1], p[2] and p[3] exactly. Thenthe secondcurve segment
will maintainthe sameslope as the first curve segmentat p[2], and interpolate
through p[2] and p[3].

Parametrized splines

As of now, our splinesare functions, that is, they cannotcurl backwardsvery
easily. Infinite slopesareimpossible.That and otherthingslead us to parametric
splines.

Right now, we havey as a function of x. We will now replacethis with y a
function of t, and x a function of Thenwe plot all points(x,y) for somevaluesof
t and we get the desiredspline. We uset as a variable name becauseit can
sometimede usefulto think of the splineasan (x,y) point movingin time. For
example, a spaceship's movement could possibly be described as
(x,y,2)=(f(t),g(t),h(t)), a function of time for each coordinate. Kag point hereis
that this allows us to extend splines to any number of dimensions elegantly.

The control points are now of the form (x,y,t) or (x,y,z,t), dependingon the
numberof dimensionsve want. A parametricquadraticspline segmenin 2d, for
instance, would be something of the form:

Xx=At2+Bt+C
y=At2+Bt+C

We just take eachcomponentndividually and makeit a spline as a function of
time. For example,if we have the control points (Xo,Yo,Z0,t0) (X1,Y1,Z1,t1), ...,
(XnYniZn,tn). Then,we look at x asa function of t, and makeit a splinewith the
control points(Xo,to), (X1,t1), (X2,t2), ..., (Xn,ts). We do the samefor y asa function
of t, with the control points (Yo,to), (Y1,t1), ..., (Yntn), and similarly for z as a
function of t.

Uniform splines
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Uniform splines are a special breed of splines which the control poetsgularly
spacedn a specialway. Thatis, a spline of the form (x,f(x)) wherethe control
pointsare (0,y0), (1/(n-1),y1), (2/(n-1),y2),.., (1,yn) are called uniform. Notice
that the control points x components are uniformly distributed between 0 and 1.

Uniform splineshavespecialuses Whenwe wantto specifyanobject'spositionat
aninstantwith a parametricspline,we wantto be ableto specifythet component
exactly. However,when we're more interestedin the shapeof the spline, the t
component matters less and we use uniform splines.

Now look backat the equationmarkede for the Zed splinea few pagesback.In
the caseof a uniform Zed spline, we can substitutethe valuesx0=0 and x1=1,
since there are but two control points. Then we get:

Al oot VY,

Bi=l111) -y,

c/ o110 K

oo1\t f111 Yi

111 =001 =M Gy _,
010 100 K

A

B =M-G

C

The columnvectorG is calledthe geometry vector. The productof M andG can
be viewed asa linear transformatiornof the vector G, thusthe matrix M is called
the basis matrix for the Zed spline. A basismatrix completelydefinesa uniform
spline type, and along with a geometryvector, it definescompletelya specific
spline.

To illustrate a few additionnal properties,we needa secondtype of quadratic
spline.We will call it the Bakerspline,andit is definedby two control points p0
and p1, and a constant J as follows:

1- The spline interpolates through p0O
2- The spline has a slope of J at p0
3- The spline has, at x1, a slope of whatever slope the vector p1-p0 has

Now, let us see what these three constraint infptgt, let us noticethatsinceit is
a quadratic spline, it is of the form y:chBx+C. Hence, y'=2Ax+B. Then:

1- means that yO:A>3}BxO+C. Since the spline is uniform, x0=0 and y0=C.
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2- means that J=y'(x0) or J=2Ax0+B or J=B

3- The slope of pl-p0 is m=(yl-y0)/(x1-x0)=(yl-y0)/1. We want
m=y'(x1)=y'(1)=2A+B. Hence, y1-y0O=2A+B

Combining these, we find that
2A+B=y1-y0

2A=y1-y0-J

A=y1/2 -y0/2 - JI2

We can write this in matrix form as:

11 1 -, -
Al = = -2 Y,
22 2
B |= .
001 N1
C J

100 Y-
111
22 2
N=

0 01
100

N is the basismatrix for the uniform Bakerspline.Now, givena specificgeometry
vectorfor a Bakerspline,maybewe wantgeometryectorfor a Zed splinewhich

will generatehe exactsamespline. This is computedusinga changeof basis.Let

M be the Zed spline basismatrix, N is the Baker spline basismatrix, V is the

geometryvector for the Baker spline and G is the geometryvector for the Zed

spline.K is the (A,B,C) vectorof the coefficientsof the quadraticsThenwe have
these equations:

K=MG or  G=M1K
K=NV

Therefore,

G=MLNV) or  G=(M-IN)V
Let L=M-1IN then

G=LV
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L is calledthetransitionmatrix from Bakersplineto Zed spline.This is all nothing
but linear algebra.L is a transformfrom one spaceto anotherspace,thereis
nothing more to it.

Examples

Herefollows an examplecalculationfor one segmenbf a parametricnonuniform
quadraticspline. Note that this spline is not of the Zed type. This is merely a
parametric quadratic spline which interpolates through all 3 control points.

PR v Wy K
X = <t2>2 t, 19, y, = <t2>2 t, 1K,
S (P s Vi ()P 1 Ne
@It Lt y=K t*~ Kyt - K,

These are all the equations we need. Next, given the control points x1, x2 and x3, y1, y2 and y3 at
times t1, t2 and t3, we can solve for J and K.

Similarly for K. Now let us give ourselves sample control points:

x=(0 2 1) y=(2 3 5) t=(1 4 5)
s 5
12 12 < 52 11, 7
11 7 12 4 3
E K= -
) ) =52 7y 10
7 10 12 4 3
3 3

Now, let us plot the spline:
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And now, an example Baker spline.

58



The uniform Baker spline will be defined by its geometry vector V:

1 That is, p1=(0,1), p2=(1,3) and slope at p1 is .5. Slope at x=1 will be the slope of p2-p1,
or 2.
3

V=

5

11 1

Al = 2 -2 1) o7
22 2

B |= -13]=| 0.5
0 01

C 5 1
100

The spline is defined by the quadratic y=Ax"2+Bx+C:

y=.75% — 5x- 1

Note that the spline goes trough p0=(0,1) and apparently has a
slope of 2 at x=1. This is verified because y'=1.5x+.5, thus y'(1)=2.

75X°— 5x—12 /

1

X
Now to get the equivalent geometry vector for a Zed spline. First find the transition matrix L:

., 11 1
11t 2o
22 2
L-/0o0 1 .
00 1
100
10 0
1 0 0
L=|05 05 05
0 0 1

The geometry vector G for the equivalent Zed spline is:

1

G-=L3

5
Looking back at the definition of the Zed spline, this defines a spline that goes

through (0,1) and (1,2.25), which is correct, and has a slope of .5 at x=0, which is
G=1]225 also correct.

0.5

1
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Frequently used uniform cubic splines

A certainnumberof uniform cubic splinesvery usefulfor variousreasonsmostly
modelling curves.Someof thesewill be describedhere. The Hermite spline is
defined by four two control points P1 and P2 and 2 slopesvector S1 and S2.
Bézier splines are defined by 4 control points P1 through P4 and uniform
nonrational B-splines are also defined by 4 control points, with different
constraints however.

A few generalnotesbefore we dive into the main material. Thesesplinesare

cubics,hencetheyareof the form y:Ax3+Bx2+Cx+D andthe derivativeof sucha

cubicis y':3Ax2+ZBx+C. Often, constraintswill be put on y(x) or y'(x) for some

X, which will then be used to figure out the basis matrix for the spline.
Hermite splines

The hermitesplineis definedby two control pointsP1 andP2,andtwo slopessl
and s2 as follows:

1- The spline interpolates through P1
2- The spline interpolates through P2
3- The slope at P1 is sl
4- The slope at P2 is s2

Sincethe splineis uniform, P1=(0,y1)and P2=(1,y2).The geometryvector G is
(yl,y2,s1,s2). We re-write the four constraints using that:

1- y1=D
2- y2=A+B+C+D
3-s1=C

4- s2=3A+2B+C

We re-write in matrix form and solve for (A,B,C,D):
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‘A 0001 "yl
B 1111 y2
C 0010 si
D 3210 s2
A 2 211 y1
B 33 2.1 y2
C 0010 sl
D 1 00 0 s2
2 21 1
33 21
hermite-o 01 0
1.0 0 0

Mhermitels the basis matrix for hermite splines.

Bézier splines

Namedafter the Frenchdude Pierre Bézier (for Frenchpeopleare dudes).This
spline is defined by control points P1, P2, P3 and P4 as follows:

1- The spline interpolates through P1
2- The spline interpolates through P4
3- At P1, the slope of the spline is the slope of the P2-P1 vector
4- At p4, the slope of the spline is the slope of the P4-P3 vector

We re-write as mathematicalconstraints,noticing that P1=(0,y1), P2=(1/3,y2),
P3=(2/3,y3),P4=(1,y4),the slopeof P2-P1lis 3(y2-yl) andthe slopeof P4-P3is
3(y4-y3). The geometry vector is G=(y1,y2,y3,y4).

1- y1=D
2- yA=A+B+C+D

3- 3(y2-y1)=C

4- 3(y4-y3)=3A+2B+C

3 and 4 can be somewhat simplified:

3- y2=C/3+D
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4- y3=B/3+2C/3+D

We re-write this in matrix form and solve for (A,B,C,D):

-1

0001
- e
oot 7
B 3 y2
C 12, W
D 33 Y4
1111
‘A 13 -31 yl
B 3 630 y2
C 3300 3
D 1 0 00 vy4
1 3 31
3 630
M, S
ezer 3 3 0 0
1.0 00
Convex hull

The convexhull of a setS is the smallestconvexset C suchthat SCIC. At this
point, we needa strict definition of convexsets,thenwe canprove existenceand
unigueness of convex hulls.

We assumae definition of line segmenbetweenx andy, sucha definition canbe
made strict in the context of vector spaces over the fHads,L is definedsimply
as

L(x,y)={tx+(1-t)y|tO[0,1]}

The “natral definition” of “L is the shortestpath betweenx andy” works well
when the integral is well defined only.

Definition: A setC is saidto be convexif, for ALL x,y in C, L(x,y)CIC. (le,Cis
convex if, for all pair of points, the line segment between them is contained in C.)

Definition: arbitrary intersectionD=nyS. D is the set suchthat d[ID < [ill,

dOS. Given S anda non-emptyl, D is unique.(Proof: assumehat D1=nyS,

D2=niyS, D1#D2. Assumewithout loss of generalitythatd is in D1 but not in

D2. Since disin D1, then diis all S. Therefored hasto bein D2, contradiction.
QED.) Such a set is minimal in the sense thagDor all i in I.
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Definition: Convexhull. First assumethe universeU is convex (this is true for
R". Then, the convex hull C of an arbitrary set S is defined as nC,, where
K={C.} is thesetof all convexsupersetsf S. SinceSis in U andU is convex,U
is anelementof K, thusthe intersectiorexistsandis unique.lt is alsominimal. All
we haveto proveis that C is convex.But this is trivial, aswe areaboutto show.
Takeanarbitrarypair of pointsx, y in C. We haveto provethatL(x,y) is a subset
of C. Since x and y are @, x andy haveto bein C, for all a. SinceC, is convex,
this meanghatL(x,y) is in C, for all a. Therefore L(x,y) isin C. Thisis true for
any x,y in C, thus C is convex.

As an example,a triangle is its own convex hull. For a concavepolygon, the
convexhull is the smallestconvexpolygon that completelyincludesthe concave

polygon.

Now on to convex sums. A convexsumis a weightedsum  ...w;y; such that
Y «WiYi=1 and wis non-negativeA convexsumis so calledbecausehe resulting
sum isin the convexhull of its control pointsy;, aswe areaboutto prove.We will
hereusea proof by induction.Let usfirst articulatethe propositionwe areabout
to prove.

Pi="The sum S =} 14<wjy; wherethe weightsw; are positive andsumto 1 lies
within the convex hull of the control points’y

P1translatesnto w,y;, wherew; is positiveandw,;=1, is in the convexhull of y;,
which trivially true.

The next step is to demonstratethat P[] P.;. Now let us examine P..
Y 1<t WiYi= D 15<iWYitWiraYiser.  Let K=Y 14w, We know that K<1 since all
weightsare positive and add up to 1. We canscaleup S by 1/K (call that Q).
Then, by hypothesisof P, Q is in the convexhull of they; throughy;. However,
Si1=KQ+Wis1Yir1 and K+ wi=1. ThusS;, is on theline betweernQ andyi.;. Since
both Q and y, are in the convex hull ofiyhrough y.4, the line between Q andy
is in the convexhull. ThusS.; is in the convexhull. By induction,Pi is true for all
I, which completes the proof.

Bernstein polynomials

The nth degreeBernsteinpolynomial, B(x) is definedby n+1 control pointsyO,
yl,y2, ..., yn as follows:

Ba(X)=3 = C(»i,n)X(1-X)™y;  where C(i,n)=n!/[i!(n-i)!]

n! is the factorial of n, is 1x2x3x4x...xn. As an example,6!=720. As per the
definition above, C(3,5), for example, would be 5!/(3!2)=10.
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At this pointin time, it is usefulto view the splineasa weightedsumof its control
points.Looking at B,(x) asabove,we canseethatfor a fixed x, we arein effect
taking a weighted sum of thgs 5 ..., wiyi. Let us now examine the weights.

A weightw;=C(i,n)X(1-x)"" asabovecanbe interpretedprobabilisticallyusingthe
binomial distribution. If we are repeatingan experimentn (independanttimes,
each time with probabilitpf success, thenw; is the probability of the experiment
succedingexactlyi times. Then, it becomesbviousthat ..., w; =1 (the sumis
simply the sum of the probabilities of all possible outcomes, which has to be one).

Going backto Bn(x), we cannow say that the Bernsteinpolynomialis a convex
sum of its control points.A convexsumis whenthe sumof the weightsis onead
eachweightis positive (asis the casehere).lt is so calledbecausehenthe result
will bein the convexhull of the control points. Of particularinterestto usis the
Bs(x) polynomial. It can be written down as follows:

Ba(X)  =Yo(1-X)*+y13X(1-XF+y23x%(1-X)+yax’
=yo(1-3x+3X-X3)+y1(3X-6XC+3xC) +y2(3x-3C) +yax°
=X(-yo+3y1-By2+Ya)+X(3yo-By1+3y2) +X(-3Yo+ 3y1)+yo.

It is obviousfrom this lastform thatwe havejust found an equivalentdefinition to
the Bézier spline. With the work we have just accomplished,we have
demonstratedhat a Béziersplinelies within the convexhull of its control points,
which is an important property, as we will see later.

Uniform nonrational B-spline

The uniform nonrationaB-splineis definedasa cubic polynomialsplinewhich has
C2 continuity everywhereeven when several B-spline segmentsare put in
sequenceThe term nonrationalrefersto the fact that we are dealingherewith a
conventionalpolynomial, as opposedto a quotient of polynomials. A rational
spline is defined by the quotient of two polynomials.

The B-spline is defined by 4 control points P1, P2, P3, P4However, let us
examineexactly how we should use theseto make certainthat consecutiveB-
splinesare CO, C1 andC2 continuous.Thatis, saywe have6 pointsP0, P1,P2,
P3,P4andP5. Then,the B-splinedefinedby P1, P2 P3andP4is the onewe are
interested in, let's call it segment S2. However, tissesplinesegmentefinedby
PO, P1, P2, P3yhichwe will call S1.WewantS1andS2to haveC0,C1andC2
continuity at their joint. Furthermorethereis a splinedefinedby P2, P3,P4 and
P5, which we nameS3,andwe wantS2 andS3to haveCO0, C1 andC2 continuity
at their joint.

This section in progress, | can't find a justification for the B-spline basis matrix.
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Catmull-Rom splines: a non-uniform type of spline

This spline type is defined as follows (given four control points Py through P;
(Xo,Yo), (X1,Y1), (X2,y2) and (%,ys), X are increasing):

1- The spline interpolates through,{x).
2- The spline interpolates through, ).

3- The spline’sslopeat x, (the secondcontrol point) is whateverslopethe line
from the first to the third control point is.

4- The spline’sslopeat x; (the third control point) is whateverslopethe line from
the second to the fourth control point is.

The spline segmenthus definedis for the [x1,x;] segmentlf a similar spline is
defined with the control points, PP, Ps, P4, thentheywill join at P, andtheir first
derivative will agree,giving it a smooth appearanceWriting the restrictions
expressly in equation form, we get:

1- yl:AXl3+BX12+CXl+D.
2- yZZAX23+BX22+CX2+D.
3- y'(X1)=3AX:*+2B¥+C=(y2-Yo)/ (Xo-X0).

4- Y (X2)=3AX"+2BX+C=(y5-y1)/(X3-X1).
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Rendering

Introduction

Renderingis the phasewhere we do the actual drawing. There is a general
tendencyto downloadthis particulartaskto a slavegraphicsprocessorlndleave
the CPU to do betterthings. However, it will alwaysbe useful for everyoneto
havea generalunderstandingf how thingswork. And alsolikely is the fact that
we'regoing to needsoftwarerendererdor a while more.And onelastfactis that
people have to write the software for the slave processor.

We will first study the drawing of a point, which will be usedto draw other
primitives. Then we will study lines and polygons.Curved surfacescan also be
supportedbut will not be discussedThe curvedprimitive thattendto be fasterin
drawing are conics and polynomials. However, some other forms of curved
primitives definitions are often preferred, mainly splines.

The point

A geometricpointis a O dimensionalbobject.It could alsobe definedvery strictly

with neighborhoodsind somesuchHowever,this is not particularly usefulto the
computergraphicsspecialist Onething that we mustrememberthough;is that it

is impossibleto displaya point on any medium.Quite simply, a point hasa size of

zero,no matterif the definition of sizeis length,areaor volume.It cannotbe seen
under any magnification.

What the computergraphicsexpertusually refersto asthe point is the smallest
entity that can be displayedon the display device. These are not necessarily
circular or rectangular things - and more often than not, they are slightly blurred.

We will refer to this point as a pixel. We will also needto make a few basic
assumptions. Generally speaking, pixels are of an arbitrary shape (often
rectangular-like) and are alignedin a very structuredway on the display device.
Note that somedevicesdo not use this methodof displaying things, theseare
commonly referred to as vector devices. There was an old Star(Wéalesmarkof
LucasArts | believe) game made with one of these.
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We will alsovery muchlike pixel to be alignedin a cartesianplanelike manner.
We generallyassignpixelsintegerposition,andwhat'snot exactlyon a pixel hasa
nonintegerposition.But what s the position of the pixel? That'sanotherentirely
arbitrarymatter.Generallyspeakingwe might wantto simplify the pixel'slocation
to its centroid.Also, thereis the problemof axis orientation.For a combinationof

arbitrary and historical reasons,the screencoordinatesorigin is very usually
centeredn the upperleft cornerandgoespositively down andright in hardware.
Operatingsometimeshide that from the user applicationand use a coordinate
systemcenteredon the lower left corner,andgo positively up andright, just like

the usual cartesian plane.

Theway that pixelsarestoredinternallyis alsoof importance Generallyspeaking,
eachpixel is assigneda color, and the numberof colors available per pixel is
defined by the number of bits allocated to each pixeliritancejf eachpixel has

6 bits of color data to it, then each pixel dsoneof 64 colors.Whena "strange"
numberof bits per pixel is used,it often happenghatthe bits are spreadn a less
intuitive way. For example,in the 6 bit case,insteadof using one byte per pixel
and wasting 2 bits per pixel, the system will likely store bit O of all pixels, thdn bit
of all pixels, then bit 2 of all pixels, and so on. This is called a bit-plane
arrangement.

If the numberof bits per pixel is closerto 8, 16, 24 or 32, thensomesystemswill
allow whatis generallyreferredto asa linear arrangemenof pixels. For example,
if 8 bits are allocated per pixel, then one byte corresponds to one pixel.

It is generallyacceptedhatwith 24 bits per pixel, the humaneye cannotseethe
differencebetweerntwo very similar shade®f the samecolor. (High endplatforms
today use 16 bits per component,including a so-calledalpha channel,for a
possibletotal of 64 bits, but this is to minimize roundoff whencombiningseveral
imagestogether for instance.However,24 bits per pixel is roughly 16 millions of
colors. Thus, when using a mere 6 or 8 bits per pixel, sacrifices must be made.

Oneway that the industry hasfound is to makea look-up table. As an example,
eachpixel is assigned valuefrom 0 to 255 (for 8 bits), andthe hardwares given
a lookup table of 256 color entries.Eachcolor entry cancontaina 16 or 24 bit

color for example Then,the hardwareautomaticallysubstitutethe properentry in

the table for eachpixel whenit hasto display them. The lookup table is often
referred to as thpalette or color map.

67



At anyrate, eventuallyone needsa way of identifying colors, eitherto selectthe
color mapcolors,or in the caseof a 24 or 32 bits system,selectthe pixel color.
Thereare severalways of doing this. Two of the most popularmeansare RGB

colors andHSV colors. RGB is an acronymfor red, green andblue. Colorsare
specified by their red, green and blue contents.itésestingto notethatdisplays
usually do not usered, greenand blue, but colors that are closeto these.The
colorsactuallyusedby the displayswere selectedo allow for a broaderrangeof

colors.

Another popularmeansof selectinga color is with HSV values.This is another
acronym that standsfor Hue, Saturationand Brightness (isn't that last one
obvious?) This model is more intuitive than the RGB model for most peottier
modelsincludethe CMY (Cyan,Magentaand Yellow) and YIQ (Luminanceand
Chromaticity) models.

Writing to a specific pixels usuallyinvolvesfinding an addressand then putting a
valuein it. Sincememoryis usuallymappedin a one dimensionaffashion,device
pixels are mappedin an arbitrary way to memory. Usually, finding a memory
location for a pixel involves a multiplicatiorlowever,multiplicationsaretypically
expensivethus we might want to look into that a bit further. Let us assumea
800x600 display, with 8 bits per pixel and linear mapping.

A baseaddressA hasto be givenfor the top-leftmostpixel (assumingorigin is at
top-left). Then,thefirst row of 800 pixelswould be the next800 bytes.Thennext
row of 800 pixels would follow andso on. Generallyspeaking pixel (x,y) for an
integerx andy can be found at memory location A+x+y*800. Note that some
systems will want to pad each row with a few bytes sometimes.

Multiplying once per pixeWrite is a bit expensiveThereareseveraworkarounds.
Thefirst oneis straightforwardout hardwaredependantThe secondone assumes
that we access pixels in a coherent way (not totally random).

If the width of the displaydevicein pixelsis knownin advancethe multiplication
can be removedthe following way. Say the pixel to be addresseds at memory
location A+x+y*800. 800 is 512+256+32 thus we have A+x+y(512+256+32)=
A+x+512y+256y+32y.However, 512=2, 256=2 and 32=2 Thus, the pixel
memorylocationis A+x+2%+28y+25. Note that a multiplication by a power of
two can be optimized out with left shifts, which are typically much faster than
multiplications.Let a<<bdenotea shiftedleft by b bits, thenthe memorylocation
of the pixel can be expressed as:

A+X+y<<9+y<<8+y<<5.

Similar decompositionsn powersof two of various scalarscan be found. The
problemwith thisis thatit requiresthe scalar(displaydevicewidth in pixels)to be
hard-coded in the program.
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Lines

Anotherway of accessingixelsis by exploiting coherencelf we planeto access
all the pixels on a given scanline startingfrom left to right, thenthe following is
true.

Pixel at memory location A+y*width is the leftmost pixel on the scanline.The
secondeftmostvalueis the abovevalue plus one. The third one canbe found by
adding one again, and so forth. Thus, accessingpixels that are adjacenton a
scanline can be done in one add per pixel only.

Accessingpixels that are on the samecolumnis similar, exceptthat <width> is
added each time to the memory location.

Thereare a numberof waysto draw lines. Generally,they all boil down to the
samebasicideas,and haveroughly comparablespeedsThe algorithm presented
hereis the onel felt hadthe bestmixture of simplicity, efficiency andsmallsize. |t
hasthe disadvantag®f being lessexactthan someother algorithmsfor lines of
rational slopes.We will first startwith specialcasesthenmoveto more general
cases.

The simplest lines to draarethe horizontalandverticalones.As canbeimagined
easily by the readerfrom the last section,we startwith the topmostor leftmost
pixel, drawit, theneitheraddl1 or <width>to memorylocationanddrawthe next
pixel. And so on, for the length of the line.

The nextstepup is anangledline. If the line is not vertical nor horizontal,thenit

can be expresseds y=mx+b or x=ny+c, with n=1/m and c=-b/m, whicheveris

preferred.The representatiorone hasto useis whicheverof the two has the
smallest m or n. This is to ensulatthereareno largegapsbetweerthe pixels of

aline. Afterwards,we initialize (x0,y0) to be oneendpointof theline. If we chose
y=mx+b, we shouldbe usingthe leftmostendpointfor (x0,y0). We draw (x0,y0),
thenincrementx, andaddm to y. Thenwe draw the new point. The extensiorto

the x=ny+c form is left to the reader.

Noticethatthe previousparagraphs simply anapplicationof forward differencing
studiedpreviously. The witty readerwill easily imaginethe extensionof this to
higherdegreepolynomials.It is alsopossibleto extendincrementalalgorithmsto
circles and ellipses, amongst others, but we will not go into this.

In someapplicationssuchas polygondrawing,one of eithery=mx+b or x=ny+c
will be preferred even if the slope is greater than 1.
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Note that the topic of line drawing can be extendedmuch more than this. Anti-
aliasedines, line width and patternsendpointshapeareall topicsthatwe will not
cover.

This algorithm has the nice property of being a special case of forward
differencing. It's also fast and has no comparisonsn the so-calledinner loop.
(Comparisondavea tendencyto flush prefetchqueuesn CPU's,which resultsin
relatively long delays in the inner loop).

However it has the disadvantagieaccumulatingoundofferrorat eachnew pixel.
This shouldnot be a problemin general but whenutmostprecisionis neededan
alternate algorithm which does not accumulate error might be considered.

The algorithm works without any error accumulation(the only error is the
roundoff to the nearestpixel). The ideais asfollows. We first observethat the
slope m is a rational of the form a/b. Let's assunmepuositiveandlessthanl. We
can make a special case for each of the 8 octants such that this is true.

Next, let'sassumeyg is of theform N+c/b, wherec is someintegerbetween0 and
b. Then, when adding tlgtopeto the currenty, we getN+(c+a)/b.However,now
we needto check whetherc+a is more than b. If it is, then we rewrite as:
N+(c+a)/b=N+(c+a-b+b)/b=N+1+(c+a-b)/bThis meansthat wheneverc+a is
morethanb, we subtractb from it andadd1 to N. The pixel coordinatein y that
we actuallydrawis N. (This implies that we'retruncatingy. If we wantto round
off rather,we canadd 0.5 to the original yg, which will havethe neteffect of
rounding to the closest integer. The denomineambe doubledto avoid roundoff
in the .5). Pseudocod#or this follows (integerendpointsare assumedthis canbe
generalized to rational endpoints of course).

Let (x0,y0) and (x1,y1) be the endpoints of the line segment, such
that (x1,y1) is in the first octant relative to (x0,y0).

Let a=2*(y1-y0)

Let b=2*(x1-x0)

Let N=y0O

Let c=(x1-x0)

for x varying from x0 to x1 by steps of one, do
putpixel(x,N)
addatoc
if c>=b then
subtract b from ¢
add1to N
end if
end for

Polygon drawing
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Let usfirst definea few terms,in anintuitive andgeometricfashion.A polygonis,
ascanbeseenabove,a 2d objectwith area,delimitedby edgesThe edgesareline
segments, and there is a finite number of edges.

Polygons that do not self-intersect can be said to be eneexor concave The
polygonaboveis self-intersecting A convexpolygonis onefor which the inside
angle at any vertex is less than or equdl@0degreesAll otherpolygonsaresaid
to be concave.Sometimesit is saidthat a particularvertexis concave which is
not entirely correct,but rathermeansthat the inside angleat that vertexis more
than 180 degrees.

Whatinterestsus mostis filled primitive. It is relatively easyto draw a wire frame
polygon using only line drawingputinesdescribedreviously(hiddenline removal
then becomes a problem).

The star-shapegolygonshownaboveis very interestingto us becauset exhibits
the moreinterestingpropertieswe want our polygonsto have.The grayedareas
are consideredo be inside the polygon, where the white areasare outsidethe
polygon.This meanghatthe inner pentagons consideredo be outside.Therule
for determining whether a point lies inside or outside the polygon is as follows.

To determinef a pointliesin or out of a polygon,draw a line from that point to
infinity (any direction, far far away). Now find the numberof times that line
intersectghe polygonedges|f it is odd, the pointis in, if it is even,the pointis
out. Thisis calledthe even-oddrule by the industry.It is recommendedhat you
try this with the staraboveandnotethatit works no matterwhat point you pick
and no matter what direction you draw the line in.

The basicidea of the line polygon drawing algorithm is as follows. For each
scanline(horizontal line on the screen),find the points of intersectionwith the
edgesof the polygon,labelingthem 1 throughn for n intersectiongit is of note
that n will always be even except in degenerate cases). Then, Hoazantalline
segmenbetweernintersectiond and2, 3and4, 5and6, ..., n-1andn. Do this for
all scanlines and you are done.

Probably,you might wantto restrictyourselfto scanlineghatareactuallyspanned
by the polygon. Also, there are a few things to note.

If the polygonis convex,therewill alwaysbe only one spanper scanline. Thatis
generally not true for concave polygons (though it can accidentally happen).
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Here is pseudocode for a polygon filling algorithm.

Let an edge be denoted (x0,y0)-(x1,y1), where y0 <yl. Edges also
have a "current x" value, denoted cx. Initialize cx to x0. One

should also compute the slope of all edges, denoted s, which is

(x1-x0)/(y1-y0) (we are using the x=ny+c representation).

Let IET be the inactive edge table, initially containing all edges

Let AET be the active edge table, initially empty

Sort the IET's edges by increasing values of yO
Let the initial scanline number be the yO0 of the first edge in the

IET
Repeat
While scanline 2y0 of the topmost edge in the IET
Move topmost edge from IET to AET
End while
* Sort AET in increasing values of cx

For every edge in the AET

If edge's yl >scanline, then remove edge from AET
Else add the slope "s" to "cx".
End for

For each pair of edge in the AET
Draw a horizontal segment on current scanline between
column "cx0" and "cx1", where "cx0" is the "cx" value
for the first edge in the pair and "cx1" is the "cx"
value for the second edge in the pair
End for
Until the AET is empty

It is of notethattheline markedby (*) canbe optimizedout. If the polygonis not
self-intersectingwe just needto makesurethe AET is properly sortedwhenwe
insert a new edge into it.

It shouldbe notedthatedgeshatareparallel to the scanlineshouldnot be putin
the IET. You might alsoneedto clip the polygonto the viewport, which canbe
added to the polygon blitting code.
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Visible surface determination

Introduction

Oneof the problemswe haveyet to addresswhen severalobjectsprojectto the
sameareaon screen,how do you decidewhich gets displayed.Intuitively, the
closestobjectshouldbe the oneto be displayed.Unfortunately,this definition is
very hardto handle.We will usuallysaythatthe objectto be displayedwill bethe
onewith the smallestz valuein eye spacewhich is a bit easierto work with. A
corollary of this is that objectswith the largest1/z value get displayed this latter
observation has applications which will be explained later.

Visible surfacedeterminationcan be donein a numberof ways, each has its
advantages, disadvantages and applications. Hidden line removal vshesesire
framesare generatedThis might be useful for a vector display, but will not be
coveredin here.Whendealingwith filled primitives, there are severalclassesof
visible surfacedeterminationThereis alsothe questionof objectprecision,device
precision, and more, these topics will not be discussed here.

Perhapghe mostintuitive visible surfacedeterminationalgorithmis the so-called
"painter'salgorithm”, which works the sameway a painterdoes.Namely, it draws
objects that are further away first, then draws objects that are closer. The
advantage of this is it's simplEhe disadvantagearethatit writes severaktimesto
someareasof the display device,and also that someobjectscannotbe ordered
correctly.

The painter'salgorithmcanbe generalizednto the depth-sortingalgorithm,which
sortthe primitives from backto front andthendraw. The depthsortingalgorithm
also resolves cases that painter's algorithm does not.

Anotheralgorithmis spacepartitioningtreessuchasBSP (binary spacepartitions)
trees. The advantageof this algorithmis to generatea correct ordering of the
primitives quickly and correctly no matter whehe vieweris. The disadvantages
thatit is hardto addany polygonsto a scenethusrenderedpr to deformit in a
nonlinear way. Approximations can be made.
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Yet anotherway of doing visible surfacedeterminations the classof algorithms
generally referred to as "scan-line algorithms". These algorithms, though
somewhaslowerthandepthsorting, havethe advantageof drawingto eachand
every pixel of the display device once and only once. Tei®is no needto clear
the displayin thefirst place,andpixels are not written to needlesslyincidentally,
this algorithm is very useful for display devicgkereit is impossibleor difficult to
eraseor rewrite to pixels, suchas printers.The disadvantageare thatit's slightly
slower, and usually quite more messy to ct@dma depthsortingalgorithm.Also,
visible surfacedeterminationbecomesan integral part of the polygon drawing
routinein mostcasesmakingit hardto downloadthe polygon drawing codeto
somehardwarepr to makeseveralersionsof polygondrawingcodefor different
drawing modes.

A very popularway of doing visible surfacedeterminationis called z-buffering.
This works by storingthe z value whateveroccupiesa pixel for eachpixel. This
way, one canaddnew primitivesto a sceneyisible surfacedeterminations just a
compare away. Incidentally, it isuallymuchmoreefficientto usel/z valuesthan
it is to use z values, since 1/z varies linearly but z does not.

Anotheralgorithmworth mentioningis the Weiler-Athertonalgorithm,which clips
primitives so thatthey do not intersectbeforedrawing,and Warnock'salgorithm,
which recursivelysubdividesthe displayareauntil it cantrivially determinewhich
primitive to draw. These algorithms are fairly slow.

An optimizationthat canbe madeto any visible surfacedeterminatioralgorithmis
back-faceremovalor back-faceculling. This is basedon the observatiorthat faces
that are facingway from the observer

As of now, the only algorithmsdiscussedwill be the depth sort and painter's
algorithm, along with z buffering and back-face culling..

Back-face culling

Back-faceculling exploits the observationthat a face in a closed polyhedron

always hastwo sides.One facesinside, and can never be seenby an observer
outsidethe polyhedron(ratherobviouslysincethe polyhedronis closed),the other
facesoutsideandcanbe seen However,if it is determinedhatthe sidefacingthe

eye is the inside of the face, that face will assuredlynot be seen,becauset is

impossible to see a face from the inside.
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The side that facesthe eye can be determinedeasily with dot product. Take a
vectorV from the eyeto any point within the polygon (for example from the eye
to avertex).Let A bethe normalof the polygon,assuminghatA pointsoutwards
of the polyhedron.Then,computeVeA. If it is positive, the inside of the faceis
towardsthe camerado not displayor transformthe face.If it is negative the face
is facing the camera and might be seen (though this is not guaranteed).

Back-faceculling is generallynot sufficient for visible surfacedeterminationlt is

merely usedto removefacesthat assuredlycannotbe seen.However,it will do

nothingfor facesthat are only obscuredby facesthat are closer.Also, back-face
removalassumeshatthe objectsare closedpolyhedra,andthatfacesare opaque.
If this is not the case, back-face culling can not be applied.

Note that if the only thing displayedis a convex object, back-faceculling is
sufficient for visible surfacedetermination(it will only leave the facesthat are
actually visible).

Also notethat back-faceremovalshouldbe donein object spacenotin world or
eye space. That's because, in otdeto it in world spacepnehasto transformall
plane normals before doing the dot product, which is rakgensiveHowever,if
performingthe culling in objectspace,one only needsthe location of the eyein
object space, and normals need not be transformed.

It can be shown that back-faceculling is expectedto cull roughly half of the
numberof vertices,facesandedgesin a scene gxceptfor specialsceneghat are
made to be viewed from a particular angle or somesuch.

Sorting

With the painter's algorithm, one hasagsigna z-valueto all primitives. Then,the
primitives are sortedaccordingthesevaluesof z, andthe resultingimageis drawn
back-to-front.Severalsorting algorithmscan be usedfor this purpose,and even
thoughbasicalgorithmsis not the subjectof this documentwe will discusstwo
simple sorting schemes now.

The simplestsorting algorithm, and a frightfully slow algorithmin mostcasesjs
thebubble sort. Here follows pseudocode for the bubble sort.

Let z[1..n] be the array of n values to sort
Let f be a flag

Repeat
Clear f
For i varying from 1 to n-1
If z[i]>z[i+1] then
Set f
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Exchange z[i] and z[i+1]
End if
End for
Until f is clear

As canbe seen,the algorithmis exceedinglysimple. For small valuesof n (say,
n<10),this algorithmcanbe usedandwill be closeto optimal. However,if the list
is very badly orderedinitially, the sort could take up to n2 iterations before
finishing.

Small improvementscan be made to the algorithm. For one thing, instead of
always scanningin the samedirection (from the first elementto the last), one
alternatedirections,sorting an alreadycloseto sortedlist is very efficient. The
loop will executeroughly n times(actually,it would executek timesn, wherek is
some small constant). In the worse case though, it still executéstérations.

A secondmore cleveralgorithmthat works well on numbersiis the radix sort.
This sortcanbe donein any base(usefulbasedor a computerwould be 2, 16 or
256, becausdhey'repowersof two). However,for the sakeof simplicity in this
example, we will use base 10.

Using basen, n bucketsare created(in our example,10 buckets),labeled O
throughn-1 (0-9 in our example).Then,the numbersto be sortedare put in the
bucket that corresponds to their lower digit. The buckets are concatenatéte and
step is repeated for the next lower digit. Arosuntil we getto the highestdigit,

at which point we stop. The resultis a sortedlist. Pseudocodés given below for
basen. Note thattheith digit of basen numberz is (z div ni)%n wherediv stands

for integerdivision, truncatingoff anyfractions,and% is the modulo operator,or
remainder after division by n (a value from 0 to n-1 inclusive).

Let b[0..n-1] be n buckets, labeled 0 through n-1
Let z[1..m] be the m numbers to sort
Let D be the largest number of digits used

For foo varying from 0 to D-1 inclusive, do
For i varying from 1 to m inclusive, do
Put z[i] into its bucket, namely b[(z[i]/n f00 )o4n]
End for
Concatenate all buckets, in order from 0 to n-1, back into z
End for

Note thatdivision and modulooperationswhendonewith basetwo divisors,can
be implemented strictly with bit shifts.

This algorithm can be implementedwith lists or arrays. Lists ensurethat no
unnecessargopyingis done,andallow bucketsto grow dynamically. This is not
so easily accomplishedwith arrays,but the pseudocodéelow essentiallydoes
that. It only needs to be repeated for every byte in the numbers to be sorted.

Let i[0..256] be 257 indices, initialized to O
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Let z[1..m] be the m numbers to sort
Then o[1..m] will be the m numbers once concatenated

Comment: The first step we take is to count the elements that will
go into each bucket

For j varying from 1 to m inclusive, do
Let foo be the bucket to which z[j] belongs
Increment iffoo+1]

End for

Comment: now compute the index at which buckets start

For j varying from 1 to 255 inclusive, do
Add i[j-1] to i[j]
End for

Comment: lastly, put the numbers into the bucket and concatenate

For j varying from 1 to m inclusive, do
Let foo be the bucket to which z[j] belongs
Put z[j] into ofi[foo]]
Increment i[foo]

End for

Other sorting algorithmsthat might be of interestinclude the quick sort, heap
sort, insertion sort and merge sort. Thesewill not be discussedere,they each
have their advantages and drawbacks (for a full discussion, see [2]).

Painter's algorithm and depth sorting

As was previously mentioned, painter's algorithm assignsa z value to each
primitive, then sortsthem, then drawsthem from back to front. Objectsthat lie
behindare then written over by objectsthat lie in front of them. Note that, no
matterthe schemeusedto selectthe z value for an object, primitives that have
overlapin z maybeincorrectlyordered But thereis worse.Note the pathological
casebelow, whereit is impossibleto generatea proper ordering for the three
triangles:
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In this case,it is necessaryo cut onetriangle into two partsand sort the parts
individually.

A way of handlingall casess asfollows. Assigna zvalueto all polygonsequalto
the vertexbelongingto the polygonthat hasthe largestz coordinatevaluein eye
space. Then sort as per painter's algorithm. Before actually drawimggest® do
a postsortstageto make sure the orderingis correctfor polygonsthat have z
overlap.

Assumingwe sortedin increasingvaluesof z, it meansthat we needonly to

comparethe last polygon with the consecutivepreviouspolygonsfor which the

furthestpoint is in the last polygon'sz span.Oncethe last polygonis processed,
we will not touch it anymore(unlessthe last polygonis movedto someother

positionin the list). Thus,we just considerthe list to be one elementshorterand

recurse the algorithm.

The stepsthat shouldbe takenare asfollow (P and Q are the polygonswe are
comparing).

1- Checkwhetherthe polygonsx andy extentoverlapon screenlf they do not,
there is no need to compare the polygons. Otherwise, we are undecided (go to 2)

2- Checkon whatsideof P'splanethe eyelies. If Q lies entirelyon thatsideof P's
plane,Q is consideredo bein front of P. If Q lies entirely on the oppositeside of
the eyein relationto P'splane,thenP is in front of Q. If Q crosses'splane,we
are still undecided.

3- Repeat 2 above, but with Q and P inverted.

4- Check if the polygons overlap on screen(find whether the edgesof the
polygons intersect)

Once a polygon has beearovedin thelist, markit sothatit is not movedagain.If
one of the abovestepswould saythat a polygonthat hasalreadybeenmovedin
thelist shouldbe movedagain,thenyou will haveto usethe lastresort,clipping.
Cutting up the triangle into pieces (clipping) will be described later.

Of courseponeneedsnot to performall thesetestsif they aredeemedo be more
expensivethan clipping. For instance,the only tests one could do is test for
overlapin z, then x andy on screen,then check for step2 and if it is still
unresolved, simply clip the polygons and put the pieces where they belong.

When polygon ordering can not be resolved,pick one of the two polygonsfor
clipping planeandclip the otherpolygonwith it. Then,insertthetwo piecesat the
appropriate positions in the list.
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A very nice way of doing all thegestsis asfollows. Calculateboundingboxesfor

z valuein 3d, and u,v in 2d (screenspace,after perspectivetransform)of the
polygon. Then,sort the boundingboxesin x, u andv. This canbe donein linear
time using the radix sort algorithm (or by exploiting coherencan a comparison
sortalgorithm).Then, only the polygonsfor which the boundingboxesoverlapin

all three axis need to be checked further.

Z-Buffering

This algorithmtendsto be slightly slowerthan painter'salgorithmfor low number
of polygons(lessthan5000).1t would appearthatit would gain asthe numberof
polygons increases though.

Theideais to makeanarrayof z or 1/z values,onefor eachpixel. As you draw a
polygon,computethe z or 1/z valueat a pixel, compareit with the currentvalue
for the pixel, and if closer, draw, otherwise, do not draw.

This algorithmhasthe advantagehatit requiresno sortingwhatsoeverHowever,
the algorithm performs one comparisonper pixel, which tends to be a bit
expensive Also, memoryrequirementdend to be bigger than other algorithms.
Nevertheless, the simplicity of the implementation makes it very attractive.

As a side note on evaluatiagr 1/z, the latter canbe shownto belinearwhile the
former is not (we did this in the perspectivechapter).Thus, it will likely be
preferableto storel/z valuesinsteadof z, becausehey cantypically be computed
much more quickly. The mathematics of that are shown below.

Let Ax+By+Cz=D be the planeequationfor the polygonin eye spaceLet (u,v)
denotethe pixel on screenandlet the perspectiveprojectionequationbe u=px/z
and v=qy/z for some constants p and g. This can be rewritten as:

X=uz/p y=vz/q

Auz/p+Bvz/q+Cz=D

z(Au/p+Bv/g+C)=D

And then, depending whether we are interested in z or 1/z, we get:
z=D/(Au/p+Bv/q+C)

or

1/z=A/(Dp)u+B/(Dg)v+C/D
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The latter can be rewritten as
1/z=Mu+Nv+K
M=A/(Dp), N=B/(Dqg), K=C/D

Thus, 1/z varies linearly across the (ipigneof the displaydevice.Whenforward
differencingis applied,calculationsfor valuesof 1/z are reducedto one addper
pixel, with a small setup cost.

Note thatvisible surfacedeterminatiorcanbe performedin a cleverway using A-
Buffering (described in thantialiasing section).

Binary Space Partitioning

Let us assume we have the description of a scene. Let us cut the scenglaviéh
P. (Thatis, choosea planethat splitsthe scenento two halves.)The crucial point
in BSPis thatanythingon the samesideof the planeP asthe observercannot be
obscuredby anythingon the other side of the planeP. Therefore,if we cansplit
the spacewith a planeP in asideA, in which the camerdies, anda sideB, which
is the otherside,thenwe candraw everythingin B theneverythingin A, andthe
drawingorderbetweenobjectsin B andA will be correct.Note thatwe still need
to somehow determine what is the correct order within B and A.

B

Observer N @
o
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In the exampleabove we showthe partitioning planeP with a dottedline, objects
arerectanglesandellipses,andthetwo areasaremarkedA andB. The observeis
the dark spotmarked"observer".In this case objectsl and2 areon the"A" side
of the P plane,thereforeit is impossiblefor themto be obscuredoy any objectin

the B side (namely objects 3 and Bhis is true no matter where in A the observer

lies. The observercanbe anywheren the A regionandobjectsl and2 will never
be obscured by objects 3 and 4 for the observer.

However this is still not sufficient. We still needto have a drawing order for
objectsin the A region and objectsin the B region. Therefore,we recursethe
algorithm and split the A region into two sub regionsfor which the ordering
becomes unambiguous and similarly for the B region, as seen below:

p2

" Observer ,/ @

p1 -

Now therearefour regions,A, B, C andD. Spaceis partitionedat the root by P.
Then, the two resulting subspacesre partitioned by pl and p2. This can be
represented by the following tree:

P

/N

p1  p2

Whenwe wantto geta drawing orderfor objectsl, 2, 3and4, we traversethe
tree as follows:

a) Startwith theroot P, find on which side of the planethe observellies. Thatis
the AB side.The oppositesideis the CD side.Sofirst, drawthe CD side,thenthe
AB side.

b) Draw CD side.Find on which sideof p2 the observellies. The observer
is on the C side of p2, the opposite side is D. So first draw D then draw C.
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c) The D side hasonly one object,draw it (so we draw object4
first)

d) The C side hasonly one object,draw it (the secondobjectwe
draw is object 3)

e) Draw the AB side. Find on which side of pl the observerlies. The
observer is on the A side of p1, so first draw the B side then the A side.

f) The B side hasonly one object,so draw it (the third objectwe
draw is object 1)

g) The A side hasonly one object,so draw it (the last objectwe
draw is object 2)

The drawing order generated by this algorithm is therefore 4,3,1,2. This ordering is
correct.

Sometimest might be impossibleto find a planethat neatly splits spaceinto two
sections.When this happensyou canjust pick any planeand slice objectsapart
with it. Thatis, if a planeintersectsanobject,slice the objectinto two sub-objects
that do not intersect the splitting plane.

If we havea planarobjectthatis exactly on the splitting plane,thenthe drawing
order can be tweaked slightly to draw it:

1) Draw everythingthat'son the oppositeside of the planefrom the observeras
usual

2) Draw everything that's on the plane
3) Draw everything that's on the same side of the plane as the observer as usual
If the observer is on the splitting plane, the drawing order is not important.

For polyhedralobjects this canbe usedefficiently asfollows. Insteadof arbitrarily
picking planes and splitting space, pick a polygon's plane as partitioning plane.

Whengeneratinga BSP,you geta binarytreerepresentationf your scenelf you
usedthe planesof the polygonsas partitioningplanes you havean additionalmild
bonus. The leafs of the treeeeitherinsidethe polyhedronor outside.Thatis, the
regionsin spacedescribedby the leafs of the tree are either totally outsidethe
polyhedronor totally insideit. This canbe usedfor simple collision detectionof
polyhedronwith points,eventhoughit is not alwaysefficient to do so. (Efficient
collision detectionis beyondthe scopeof this text. For a good startingpoint, see

[4]).
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All this bringsup the subjectof generatingan optimal BSP tree. Thereare many
problemswith that. The first is the definition of optimal. In the collision detection
case(which is not too efficient anyway, but deservesmention), optimal often
means shallowestee.For visible surfacedeterminationminimizing the numberof
triangleclipping is important,aswell asminimizing the numberof nodes(which is
a consequencef clipping). In both casesthe problemturns out to be extremely
hard (NP-Hard).In the "minimizing the tree depth"field, a greedyalgorithmthat
picks the planethat splits spaceas evenly as possiblemight do well. However,
when trying to minimize the numberof polygon clips, it's harderto get good
heuristics.

Merging BSP treesis alsoa very tough problem.Basicallyit's at leastas hard as
generating a new BSP tree from scratch. However, it is possible to cut corners.

If we have a very large maze-like scene (for example),and a small object
navigatingthroughit, we cando asfollows. We treatthe small objectasa point,
just like the observerandtraversethe BSPtree of the mazesceneto find where
the "punctual” objectbelongsin the BSP tree. Oncewe havefound it, we insert
the"punctual”object'sBSPtreeat thatpointin the mazeBSPtree.Thiswill work
relativelywell solong asthe smallobjectdosnot comecloseenoughto cornersin
walls to cause ambiguities in the display ordering.

It is also possible to insert several objects this way in the maze BSP.

This algorithm canbe very efficient if we havemany objectsspreadover a large
area where inter object ordering can be determinedeasily, but the objects
themselves are complex so intra object visual surface determination is nontrivial.

Note that a BSP can be processedhrough an affine transformand still remain
valid if proper care is taken. This meansthat we can move a binary space
partitionedobjectaround,or we can movethe observerin the BSP object (these
two areequivalentanyway)without fear of the algorithmcrumbling. Therefore,jt
is possible to have a few flying BSP objects at the same time, for instance.
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Lighting models

Introduction

After all we have covered, we still have to decide how niigtih getsreflectedoff

things and such,and how it getsreflected.For example,someobjectsthat are
facing towardsa light sourcewill appeamuch more bright, perhapswith a very

brilliant spot somewhere than objects facing away from it. Objects also cast
shadowswhich are much harderto compute.We might also want to somehow
takeinto accountthat a certainquantity of light bouncesoff everythingandlights

up things equally from all directions.

Furthermorewe might wantto vary the intensity of light acrossa given polygon,
especiallyif thesepolygonsarebig. If not, onegetsa somewhaugly effect called
machbandingwherethe contrastbetweenfacesgets amplified by our brain and
eyes.This will raisethe questionof how the light shouldvary acrossa polygon,
and why.

The first part discussesctuallighting models,and the seconddiscusseshading
algorithms for rasterization of nonuniformly shaded polygons.

Lighting models

The mostbasicideawe canhaveis to makelight intensitya function of the angle
betweenthe direction of the light raysfrom the light sourceto a point, andthe
normal to thepoint. Thisis calleddiffuse lighting. This meanghatlight reflectsoff
the face equally in all directions, so the direction in which the eye is not relevant.

Looking backon the vectoralgebrachapterwe hada definition of anglewith the
dot product. This is written as:

CoH=A+B/(|Ax|B])
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If A istheplanenormal(of unit length),then|A| is 1 andcanberemovedfrom the
equation.B would be the vector from light sourceto point to be lit. Then, we
make light intensity a functioaf Co93, whichis calculatedo be A«B/|B|, whichis
fairly easyto calculate.Note thatif 0 is lessthan1/2, it meansthat the face is
actuallyfacing awayfrom thelight source,in which caseit shouldnot receiveany
light from that light source. This can be recognized whe/8|>0.

Usually, one makesthe intensity of the light receivedfrom a light sourceAe«B/|B|
timessomenegativeconstant(sincepositive valuesof A«B/|B| meanthatthe face
is facing away and that intensity is then 0).

One might want to take into accountthe fact that light usually diminishesthe
further away you are from a light source.Physicssay that light intensity is
inverselyproportionalto the squareof the distanceto thelight source.This canbe
written as k/|B4, and multiplying that by the value previously given:

I=kxA+B/|B]3

However, as experimentationrshows, it is sometimesuseful to use some other
falloff thansquareof distance Generally, peoplehave beemsinga seconddegree
polynomialof |B|. However,if we try the specificcaseof linearfalloff, we getthis
very interesting simplification:

I=kxAe«B/|BJ2

If B=(a,b,c),then|B|=(+b2+c2)1/2 Thus,|BR=a2+b2+c2, which eliminatesthe
square root, which is usually the most expensive calculation we have.

The questionof what point on the polygon should be usedfor calculatingthe
vector B from light sourceto the point on the polygonis answeredas follows.
Theoretically,B shouldbe recalculatedor eachpoint on the polygon. This might
turn out to be expensiveanda constantB is thenusedacrosshe polygon.In this
case,however,the B/|B]2 factor should be calculatedonly once for the whole

polygon.

The Phongillumination model alsoincludesa specularcomponentin thatcase,
a function of the angle betweenthe ideal reflection vector and the eye-to-point
vectoris added.The reflectionvectorR is the directionin which the light should
be most reflected by the surface. R can be shown to be

R=2A(A*B)-B

(remember thad is the planenormalandB thelight vectorandnotethatA andB
should be normalized).
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Let V be the vector from the observedpoint to the eye, normalized.Then, a
function of ReV can be addedto the calculatedintensity (before fallout due to
distanceis takeninto account),which will add a specularlike highlight to the
shading. Mr. Phong Bui-Tuong used the following specular component:

kx(Re V)

where a is the so-calledspecular reflection exponent and k is the specular
reflection coefficient The larger the a, the more punctualthe reflection. The
largerthe k, the more intensethe reflection. Valuesof a around1-5 yield almost
no speculareflection,while a valueof 300 or moreyieldsa sharpspot.Note that
if a too large k is chosen, the image will look washed out or overexposed.

Thesecalculationsare doneon a per light sourcebasis,and should be summed.
Ambient light can also be added.

Shadowcastinginvolves more complexcomputationsvhich will not be discussed
here.

Smooth shading

The simplestform of polygon shadingcalculatesone value of intensity and uses
that value across the whole polygon.

The otherforms of shadingrequirethat we first examineour polyhedralmodel of

objects.The assumptiorwe are makingis that the polyhedralmodelis really an
approximatiorto a curvedobject. Thus,we would like the normalvectorsandthe
shadingintensityto vary smoothlyacrossthe surfaceof the objects,just asit does
on a curved surface.

The usualway of accomplishinghis is by computinga pseudonormal vector at
eachvertex.(Keepin mindthata pointin 3d hasno normalvector,ergowe call it
pseudo-normal.Yhat pseudo-normaper vertexis not the normal of the vertex,
but ratherthe normalwe think representdestthe curvedsurfaceat that point. If
we have actual information about the curved surface, we should use that
informationif we canto computethe pseudo-normalOtherwise onegoodway of
doing this is by computing the weighted sum of the faces that tbacfertex.For
example,you could sumall normalsof the facesthat touch the vertex and then
normalize.Or, you could make eachface'scontributionto the pseudo-normaa
function of the face'sareaor the anglemadeby thatfaceat the vertex,andso on.
For ease in calculations, pseudo-normals should be made unit in length.
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Then,onecango eitheroneof two ways.Thefirst oneis interpolatedshading,or
Gouraud shading The secondone is Phong shading, which is a bit more
complex.

In Gouraudshading,one calculateghe intensity of reflectedlight on the vertices.
Then, we linearly interpolate the intensity of tighit acrosshe polygon,asshown
below.

As can be seen above, intensities are calcufatedll vertices, particularlyvertices
a, b andc. Then,intensityis linearly interpolatedbetweena andb (assumingm is
1/5 of the way betweena andb, we'll assignm an intensity of 4/5xa+1/5<b). It is
alsointerpolatelinearly betweena andc. Then,giventhe light intensitiesat m and
n, the intensity is interpolatedlinearly betweenm and n. AssumingP is midway
between these two, then its intensity should be (m+n)/2.

Notethatfor an-gon,with n>3, gouraudshadingis ambiguousn the sensdhatit
dependson scanlineorientation.However,with n=3, the shadingis unambiguous.
As a matter of fact, given a triangle (x0,y0), (x1,y1l) and (x2,y2) and the three
intensitiesat the points,respectivelyio, i1, i2, we canview this asthreepointsin
3d (x0,y0,i0), (x1,y1,i1), (x2,y2,i2)Sincewe are linearly interpolating,and that
we have3 points,thenthereis only one solution, of the form i=Ax+By+C. Using
matrix mathematics,one can find the coefficients A, B and C, and then
computationsarereducedo one addper pixel with very little setup.Specifically,
we know that:

Ax0+By0+C=i0
Ax1+Byl+C=il

Ax2+By2+C=i2
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Which can be represented in matrix form as:

x0 yo 1} (A} [iO
x1yl 1|B|=|il
x2 y2 1/ \C/| \i2

or,
XK=G, where
x0 y0 1 A i0
X=/x1yl 1 K=B G=|il
x2y2 1 C i2

Therefore, we have that K:i(G, which solves for K.

As a specialnote, it shouldbe rememberedhat a similar processcanbe usedfor
any type of linear interpolation across the surface of a polygon.

It is easy to demonstrate that no point within the polygon wilirighteror darker
thanthe brightestor darkestvertex,respectivelylf a speculamighlight shouldfall
within a polygon, Gouraud shading will miss it entirely.

Phong shading (not to be confusedwith the Phong illumination model) works
aroundthis the following way. Insteadof interpolatingthe intensity linearly, it
interpolateshe (x,y,z) valuesof the pseudo-normalbnearly, thennormalizesand
the doesthe lighting calculationsonceper pixel. As a side note, the interpolation
of X, y and z can be done as we just saw for Gouraud shading.

As you might imagine, this is extremely expensive. Many approximations,
workaroundsand somesuchhave beerdevised.Here we will study one such
approximation.

We will interpolatethe (x,y) value of pseudo-normaldinearly, but we will set
z=(1-x2-y2)1/2 Note that we still have a squareroot. However, since z is a
function of x andy only, andthatx andy vary between-1 and+1 only, we can
makea lookuptablefor z, which makest alot faster.Thenwe cando the lighting
calculations.However,this is still a bit slow. If we know our light vectorto be
constant across the screen, then we can optimize it further.
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Assuming the light vector is (0,0,1), then the lighting calculationsfor diffuse

shadingonly is (x,y,z) (0,0,1).This simplifiesto z, whichis (1-x2-y2)1/2 whichis

the value we storedin the lookup table. So, interpolate(x,y) linearly andlookup

intensity in the lookup table. As a matterof fact, one can evenput someother

values than (1-x2-y2)1/2 in the lookup table. These can be usedto achieve
specular highlights, multiple light sources,or some nice metal/chrome/mirror
effects.

A note on the "mirror” effectf we imaginethatwe havea spherecenteredn our

objectwith anextremelylargeradius,andthe in sideof the spheres pavedwith a

texture(example:stars& stellarobjects)andthe objecthasa mirror surfacethen

the environment(textured sphere)should be reflected on it. The perspective
calculationsandotherthingsmakethis complex.However,we cansimplify things

this way. We assumehat the vector from eyeto object (eye vector)is constant
over all of the surfacesof the object (which is normally true only in parallel

projections,but will be almosttrue if the objecthaslittle perspectivedistortion).

Secondwe assuméhatthe spherehasa largeradiusenoughthat the point of the

spherewhich is reflectedby a point of the objectonly dependson the eyevector

and the surface normal.

In this case,we caninterpolatethe surfacenormal Phong-stylethen usethat to

computethe reflectedpoint from the sphereusing the eye vector. However,the

computationsare still quite expensive We can simplify them by using the hack
where we interpolatex andy linearly and then set z=(1-x2-y2)1/2. Then, the

normalvectorof a point on the surfaceis entirely determinedby x andy. In this

case the reflectedpoint on the spheredependson x, y andthe eye vector. What
we cando is assumea fixed eye vector,thenmakea lookup table (which is then
only dependanbn x andy, which is manageablefo find what point on the sphere
it reflects to.

Hencethis simplifies to interpolatingthe (x,y) componentof a surfacenormal
across the screen, then looking it up in a lodialglethat containsthe color of the
corresponding reflected point on the sphere.

Texture mapping & variants on the same theme

Texture mappingis the processby which we give a polygon its own planar
coordinatesystem,with two basevector that lie in the polygon'splane,and a
vector for the positionof a point in the plane.Specifically,if u andv lie in the
planeof the polygon,andw is a pointin the planeof the polygon (for examplea
vertex), then the plane equation for the polygon can be written as:

au+bv+w
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where(a,b) are the texture coordinateson the polygon. Oncewe have(a,b), we
canassigndifferent propertiesto different (a,b) pairs. For example we canmake
the color of the polygona functionof (a,b),which correspondso classicatexture
mapping.Anotherthing we cando is perturbthe surfacenormal of the polygon
with some function of (a,b), which corresponds to bump mapping.

As it is, the Phongshadingapproximatiorwe sawin the last bit of the preceding
section is essentially a texture mapping trick.

Note thatit is possibleto haveseveraldifferent coordinatesystemsfor the same
polygon, if severaldifferent textureshaveto be applied (ie, one for the actual
texture mapping, another one for the phong shading, another one for bump
mapping, and who knows what else).

What we have said in this sectionup to now is (relatively) independenbf the
projection used. Now we will consider the type of projection used.

In a parallel projection, linear interpolation,just like we did for Gouraud,across
the projectedsurfaceis correct(so long asthe surfaceis planar).However,when
perspectiveprojecting, linear interpolationis generallywrong. For an elaborate
discussiorof the texturemappingequationin the perspectiveprojectioncase,see
the perspective chapter.

If the planeof the perspectivelyprojectedpolygonis perpendiculato the z axis,
thenlinear interpolationis exact.As the angle betweenthe plane of the polygon
and the z axis moves away from 90 degrees, linear interpolsmmesnoreand
more wrong. If the polygons are small enough on scteemerspectivalistortion
might now show, but for larger and more angled polygons, it is quite apparent.

Linear interpolation may suffice for some purposeson low end platforms and
gamesput a correctionfor perspectivewill definitely be neededor more serious
applications, as discussed in the perspective chapter.
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Computer graphics related problems

Introduction

In the processof learning computergraphics,one comesacrossseveralof the
classical questions in one version or anotihbeseinclude"how do | computethe
planenormalof atriangle”or moregenerally’how do | computethe planenormal
of a polygon, preferablyusingall verticesto minimize error”, "now do | makea
normal that points outwards" and such.

Thesetechnicalquestionsneedto be addressedndividually, since they typically
havevery little in common.First will be coveredgeneratingnormalsthat point
outwards for polygons. An application of that will be covered, which is
triangulationof a concavepolygon. Computationof a normalfor any polygonis
then consideredpy using all verticesto computeit. Then will be coveredthe
problemof generatingplane normalsthat point outwardsof a polyhedron,which
relies on edge normals that point outwards of a polygon.

Generating edge normals

It will proveto be essentiafor the later problemsto havenormalsfor the edges
thatpoint outwardsfrom the polygon.We might aswell startby sayingthatfor an

edgeof slopem, the normalwould be (-m,1) unitized. The secondpreliminary is

defining modulo space addition and subtraction.

Let a andb be integersof modulon space.Then,allb is definedto be (a+b)%n,
wherex%y means'remainderof the division of x by y" (the remainderis always
positive, between0 and y-1). Similarly, a@b is definedto be (a-b)%n. As an
example, let's assume we are working in modulo 8 space. Then,

3002=5%8=5 5006=11%8=3 403=1%8=1 407=-3%8=5

The first stepis to generatenormalsfor all edgesby calculating (-m,1) and
unitizing it. These normals will not all be oriented correctly.
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Let Xp, X1, X2, ..., Xn-1 be the verticesin a clockwiseor counter-clockwiserder
arounda n-sidedpolygon.Furthermorelet Nj be the normalof the edgebetween
Xj and X1

The secondstep is finding the topmostvertex. In casesof ambiguity, of all
topmostvertices,takethe leftmost. This vertexis certainto be convex.Saythis is
vertex is vertex

Let U bethe vectorfrom x; to xjj1, andV bethe vectorfrom x; to xjg1. Then
calculatethe value of UeN;. If it is positive, invert Nj, otherwisedo nothing.
Similarly, calculate VeNjo1 and if it is positive, invert Njo1, otherwise do
nothing. N and Ng1 are now correctly oriented.

The point of that first stepwasto makeat leastone correctly orientednormal.
Then, start following the edges and generate correctly oriented normals as follows.

Given a vertex xj for which Njg1 is known to be correctly oriented,N; can be
computedasfollows. Let U be the vector from x; to X771, andV be the vector
from xj to xjo1. CalculateNjo1°(U+V) and Nje(U+V). If the resultsare of the
samesigndo nothing.If they areof differentsigns,invert Nj. Nj is now correctly
oriented.

Triangulating a polygon

Let us first cover the convex scenario. We Wwélusingthe samenotationasin the
previous section.

Take any triplet of verticesxjo1, Xj, Xj;j1. Thesethree verticesform the first
triangle. Then,removevertexx; from the list, andthe polygon hasnow oneless
vertex. Repeat until the polygon is a triangle, at which point you are finished.

1 2 3

One step of the algorithm is shown above.
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The concavescenariois a bit more complicated.What we will do is split the
concavepolygoninto smallerpolygons,eventuallyresultingin either trianglesor
convex polygons that can be triangulated as above.

Find a vertexthatis concavelLet U bethevectorfrom Xjo1 to xj. Then,vertexx;
is concavelf andonly if UsN;j is morethanzero.Loop throughthe verticesuntil
you find sucha vertex. If you do not find one, then the polygonis convexand
triangulate it as above.

Fromthatvertex,find a secondvertexx; for which the line segmentrom X; to X
does not intersectany other edge. Then, insert that new edge, making two
polygons onethathastheverticesx;, Xjj1, Xig2, .-, Xj, andonethathasvertices
Xj, 01 02 - % Re-apply the algorithm on these two smaller polygons.

It canbe demonstratedhat usingthe abovealgorithmon a n sidedpolygon will
generate exactly n-2 triangles.

Computing a plane normal from vertices

It can be shown that the (P,Q,R) componentsof the normal vectors are
proportionalto the signedareaof the projectionof the polygonon theyz, xz and
Xy plane respectively.

The signed area of a polygon in (u,v) coordinates can be shown to be:
AUV)=172¢F o (VitVig D *(Ui g 1- )
where (y, vj) are the coordinates of vertexix 2d.

Sincewe're not really interestedin the signedarea,but someconstanttime the
signed area, the 1/2 can be safely ignored without loss of precision.

Given a polygon in 3d, one can compute the above with:
P=A(y,z) Q=A(z,x) R=A(X,y)

Or, if youwant, P is the areaas calculatedusingonly the y andz componentof
the points in 3d, Q itheareaascalculatedusingthe z andx component®f points
in 3d, and R is the area as calculated using the x and y components of points in 3d.

Oncethis value of (P,Q,R)is known, the result should be normalized,and then
correct orientation should be checked as described hereafter.

It should be noted that the A(u,v) equation simplifies to
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A(u,v)=1/2x[(u0-ul)(v0-v2)-(v0-v1)(u0-u2)]

in the caseof a triangle. Again, the 1/2 constantcan be ignored for normal
generation purposes.

Generating correctly oriented normals for polyhedra

In somecasesnormalorientationis implicit in the objectdescriptionwe have.For
instance,somemodelersoutput all verticesin a counterclockwisenannerwhen
seenfrom above.If this is the casethenall thatis neededs that the normal be
computedin a specificway, without changingthe orderingof the vertices.Then
the normals will be correctly oriented.

If thisis not the case,we needsomeform of algorithmto ensurepropernormal
orientation.

For this task, we needto have computedthe normalsto the edgesto for all

polygonsmakingup the polyhedroneachin their respectiveplaneof course.The
edgesormalsin the polygonsplanescanbe localizedin spacefor the polyhedron,
we aregoingto usethis. Note that eachedgeis connectedo two polygons,thus
has two normals, one per polygon.

Find the vertexwith the smallestx coordinateIn caseof ambiguity,resolvewith
the smallesty coordinateIn caseof ambiguity,resolvewith the smallestz value.
This vertexis known to be convex.Take all edgesconnectedo that vertex,and
find the vector U thatis the sumof all edgenormals(two per edge).Then, for
eachface touchingthe point, calculateA«U, whereA is the face normal. If the
resultis negative,invert A, otherwiseleaveit asit is. All suchfacesnow have
correctly oriented normal.

From this point, traverseall faces, propagatingcorrectly oriented normals as
follows. Let us assumewe havetwo facesF1 and F2, and that F1's normal is
correctlyoriented.Let A1 and A2 denoteF1 and F2'snormalsrespectively Pick
anedgesharedby F1 andF2, andcomputeU, the sumof the two edgenormals.
ThenevaluateAlsU andA2+U. If theyareof differentsigns,invert A2, otherwise
leave it that way. A2 is now correctly oriented.

A specialnote, if the dot productsare very closeto zero, the face should be
initialized with the samenormal,and markedasambiguousLater, if you canfind

anotherface to help you better determinethe orientationof that face, use that
normalinstead At anyrate,ambiguoudacesshouldbe avoidedwhenpropagating
normal orientation.
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Onevery goodway of propagatinghe normalsis to startwith one of the initial

facesfor which we generatedhe normal,andthendo a depthfirst searchthrough
connected faces. The depth first search is elementary and will not be discussed here
becauset is not absolutelynecessarythoughit will tendto minimize time spend
computing normals orientation.

Polygon clipping against a line or plane

This problem often occursin computergraphics,and is often neededreal time.
Fortunately, convenient solutions exist that work well.

The simplestsolutionis with convexpolygons.In this case,one shouldnote that
thereare only 2 intersectionsof the clipping line or planewith the edgesof the
polygon.Whenwe face a concavecase thereis an evennumberof intersections
with the edgesbut someorderingshouldbe donefor them, or degeneratedges
might result.

The method for clipping convex polygons is illustrated below.

C c C
b x b x b
d Polygon d Polygon d Polygon
a a a
e e e

Clipping plane Clipping plane Clipping plane

b ® h
q Polygon D
a
a
& ¥
Clipping plane Clipping plane

D E F

Note thatif onewantsto keepboth piecesof the clipped polygon, this algorithm
can be trivially extended.

A more formal way of describing this algorithm is as follows.
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Let vl,v2,v3, ..., vn be the list of vertices, listed in a
clockwise or counter-clockwise fashion.

Then P1 will be the first piece of polygon, and P2 will be the
second piece.

For i iterating from 1 to n do

If the edge from vi to vi (1 intersects the clipping line
break loop
End if
End for
For j iterating from i to n do
If the edge from vj to vj (1 intersects the clipping line
break loop
End if
End for
Let x be the intersection point of edge vi-vi 01 with the clipping
line.
Let y be the intersection point of edge vj-vj 01 with the clipping
line.

P1 is (in clockwise or counterclockwise)
vlVv2, ..., Vi, X, ¥, Vjt+1, vj+1, ..., vn
P2 is x,vi+1,vi+2, ..., Vj,y

When doing this to a concavepolygon, the algorithm is slightly more complex.
Find all intersectiorpointsof edgeswith clipping line, and sortthemaccordingto
somearbitrary axis (try to useone for which the points coordinatesvary a bit).
Namethesesortedpointspl, p2,..., pn. Then,insertthe newedgespl1-p2,p3-p4,
..., pn-1 - pn. Then separate the two polygons and you are done.
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Quaternions

Introduction

In this chaptera goodunderstandin@f basicmathematicss assumedl alsohave
beenextremelylazy and I'm not giving any justifications whatsoeverSomeday,
hopefully, this will be righted. It is possibleto do very much everythingthat is

describechereusing only matriceswith a good knowledgeof linear algebra.For

instance as a first step,we canfind a matrix that rotatesaboutan arbitrary unit

vector by a specificangle. Then, if we want to interpolatelinearly betweentwo

orientationswe canproceedasfollows. First find the matrix M thatexpresseghe

transform from the first orientationto the secondorientation. Then find the

eigenvectorof that matrix, this is the desiredaxis of rotation. Then linearly

interpolate the angle from O to whatever angle the two orientations make.

Let us recall complex numbers, which havethe form a+bi, wherei2=-1. These
complex numbergan also be representedn polar or exponential form. | will
interest myself mainly with the latter. The exponential form of a complexberis
Z=rxexp(i0), where(r,0) arethe polar coordinatef Z in the complexplane.All
points in the plane can be representedy a complex number.Let B be a unit
quaternion(that is, of the form B=exp(Bg)). Recall that, when multiplying two
complexnumberswe multiply the modulesandaddthe angles.Let us multiply Z
by B. Then, we get ZB=exp(8+8), or Z rotated by.

The moraleof this story is that unit complex numbergan be usedto represent
rotations in the plane.

We will now developa similar tool for modelingrotationsin 3d. A quaternionQ
will beof theform Q=W+Xi+Yj+Zk, wherel, i, j andk arelinearly independent
guantities(andi, j andk are linearly independentmaginarynumbers).Then, we
will define quaternion multiplication, by using the following basic rules:

i2=j2=Kk2=-1, ij=-ji=k, jk=-kj=i, ki=-ik=j.

It will so turn out that, similarlyo unit complex numbersepresentotationsin the
plane, unit quaternions will represent rotations in 3d.
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Obviously,thisis a lot of work for "just anotherrepresentationf rotationsin 3d",
especiallywhere matriceswork fine. Indeed,evenif oneis using quaterniongo
representorientations, one will typically convert to a matrix when actual
transformations are required. The main advantage of quaternionsis for
interpolatingbetweentwo orientationsn a usefulmannerandmayhapsalsofor a
compact representation of orientations.

Preliminaries
Several notations can be used to write quaternions.The following are all
equivalent:
Q=W+Xi+Yj+Zk
Q=<W, A> with A=(X,Y,Z) (areal number W, with a 3d vector (X,Y,Z))
Q=(W,X,Y,2) (a 4d vector)
We can define anultiplication operation that respects the following:
i2=j2=Kk2=-1, ij=-ji=k, jk=-kj=i, ki=-ik=j.
<al, vlx<a2v2>=<ala2-wh2 , s2vl+slv2+viv2>
Of course, al and a2 are real numbers and v1 and v2 are 3d vectors.

The norm or module of a quaternionQ=(W,X,Y,Z) is definedas the euclidian
normof vector(W,X,Y,Z). A unit quaternion is a quaterniorfor which its norm
is 1.

Theconjugate of quaternion Q=<W,A> is defined as Qc=<W,-A>,
If we have the quaternion

Q=(0,v)=(0,X,Y,2)

and the unit quaternion

U=(cos@/2),sin@/2)xV)

where V is a unit vector, and

Q'=(0,v')=UxQxUc

then it can be shown that v' is v rotated about V by an an@le of
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Note that this implies that the two unit quaterniongQ and-Q representhe same
rotation.

Conversion between quaternions and matrices

The quaterniomQ=(W,X,Y,Z) (assumingdQ is unit) is equivalentwheninterpreted
as a rotation, to the matrix:

1-2Y? 27% 2XY - 2W-Z 2X-Z- 2W-Y
2XY - 2W-Z 1- 2X°-27% 2Y.Z- 2W-X
2X-Z- 2W-Y 2Y-Z-2W-X 1-2X°-2Y?

By examiningthe abovematrix, it is easyto find, givenan orthonormalorientation
matrix, the corresponding quaternion. First, compute W.

My 1+Mpp+Maa=3-4X2-4Y?-47°

(M Myt Mg+ 1)/4=1-XC-Y %77

But |[(W,X,Y,Z)|=1 hence WX?*+Y?*+Z°=1 hence
W=[(My+Hmpotmaat+1)/4]1/2

Then, compute X, Y and Z.

X=(Mzz-my3)/4AW

Y=(my3-m3zq)/4W

Z=(m21'm12)/4W

Orientation interpolation

Often,we might only haveaninitial orientation,anda desiredorientationat some
point in the future, andno datain between.n this case,it might be desirableto
interpolate the orientations between these two key orientations. Assnoitiger
data is available, quaternion interpolation is very appropriate.
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This could be donewith Euler angles However,severalproblemsarisewhenwe
do so. We canvery difficultly controlthe exactpathof the rotation,or the speed
for that matter.We also get a problemcalled "Gimbal lock", wherethe object
appearsto stop turning for a brief moment, and then starts again in an odd
direction.

Using quaternionsye getnoneof theseproblems.Speedof rotationcanbe made
constantandthe pathof therotationwill bethatof the shortestarc. However,we
get numericalproblemswhenthe rotationis closeto 180 degreesAlso, we will
needto interpolatethroughmorethan2 quaternionsf we wantto rotateby more
than 180 degrees.

Theideais to picturethe unit quaternionssbeingon the unit hyperspherein 4d.
Then, we can find the shortestarc over that hyperspherebetweenthesetwo
guaternions, and interpolate linearly the angle along that arc.

Given two unit quaternions, gihdg?2, let usfirst find the anglebetweerthem.By
definition of angle as a function of dot product, we have:

¢=acos(qig2)

Then,let ushavea parametet thatvariesfrom 0 to 1. Then,the quaterniongiven
by:

q(t)=sin((1f t)'(p)-qlf sin(t-) Q2
sin(@) sin(®)

will give uniformly distributed orientations between gidq2 ast variesfrom 0 to
1. In particular,q(0)=q1l, q(1)=g2This is called spherical linear interpolation,
or SLERP.

Note thatwe didn't checkif we were usingthe shortestarc or the longeston the
great circle. In order to take the shortest path, we simply check that

(91-92y(91-92)>(q1+g2)(ql+92)

If that is false, replace g2 by -g2 (this is allowed sin@®-Q representhe same
rotation).

The above formula will have numerical difficulties wheis close to 0 on. When

¢ is closeto 0, we canreplacethe SLERPwith a simplelinear interpolation.E.g.

q(t)=(1-t)ql+tg2. When ¢ is close to 1, we need to add more keyframes
(intermediate quaternions).
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Antialiasing

Introduction

In many places,we have approximatedcontinuousphenomenady samplingit at

discreteintervals, and then reconstructingan image with thesesamples.As an

examplewe havestudiedshootingone beamof light throughthe centerof a pixel

and seewhat it intersectsand then coloring the whole of the pixel by whatever
color corresponds to what it hits.

This might result in very inaccurateand sometimesunsightly pictures. As an
example,take ablack and white tiled floor for which the tiles are 0.25 meters
wide, which we sampledat intervalsof .5 meters.Then, we will have either all
white sampleor all black samplesThis doesnot representhe color of the floor,
which should either be a mix of black and white, or, in a certain sense, gray.

This is an exampleof aliasingin space put numerousthertypesof aliasingexist.
For example,saywe are makingan animationby generatingseveralpicturesof a
scenewith moving object and then displaying the still framesquickly (say, 24
framesper second)In our model,if anobjectmovesfastenough,it might appear
to jump aroundon the screenFor example,if the objectis 1 centimeterbig, but
moves so fast that in 1/24th of a second (the duration of a frame);étdifeters
awayfrom whereit wasbefore,the objectwill appearto jump very drastically.Or
evenworse,an objectcould passright in front of the camerain betweenframe a
and b, but not be on neither frame a nor b.

In this section,we will introducea few of the techniqueghat can be usedto fix
these problems.

Filtering

Filtering, in the way that we wantto useit, is essentiallya weightedaverageof a
signal.Filtering theoryis extensiveput we arenot concernedoo muchby it here.
I will just mentionthat it is possibleto take the transform(Fourier, waveletor
other) of a signalandthenremovevery smallamplitudecomponent@and/or"high
frequency" components. This is what is traditionally viewed as filtering.
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In our casea filter is representedby a filtering mask.We'll startwith 1d caseslf

we havea 1d signal (think of it asa single scanlinein a pixmap, or maybesome
sampledsound) thenwe havesomethindike s1,59,53,.%4, ..., Sp, Wherethe s's are
sampleddata. Here, we have n samples.Then, we might want to createthe
samplessy’, s9', s3, ..., Sn-1» Wheres'=(5+5+1)/2. This is an exampleof a filter,

sometimesreferredto as a "low-passfilter”. This is anotherlegitimate filter:

§'=.25+.755+1. This particular filter is said to be biased towards S4+1. In

generalthe classof filters ag+bs4+1 can be representedy the vector equation
(a,by(si,5+1)- (a,b)is saidto bethefilter mask.In the lastexamplewe gave,the
filter mask is (.25, .75).

In generalfilters are appliedby taking the weightedsum of severalsamples\We
normally like that the sumof the componentf the filter maskbe one,in which
casethefilter tendsto not changethe overallintensity of theimage.If the sumof
the components of the filter is not one, we get very diffezffatt. As anexample,
thefilter (-1,2,-1)is sometimegalledthe differentialfilter, for it approximateshe
derivative of a signal. It is generallynot very useful as an approximationto the
derivative,howeverit tendsto highlight contrastsn a signaland can be usedto
help in edge detection, for example. This filter can be writtefi=a5825+1-S+2-

Two dimensionalfilters are generallymore usefulto computergraphicspeople.
They are usually written in matrix form, Fﬁf This is anexampiléfilter, calledthe
box filter.

Gle Gliv Gle
v Sle Gln
&lr &liv Glr

q[i]i1=(pli0]+2p[i][+1]+p[i+2]+

2p[i+1]+4p[i+1][j+1]+2p[i+1][j+2]+

p[i+2][i]+2p[i+2][j+1]+p[i+2][j+2])/16
Where q[i][j] is the filtered sample, and p[i][j]'s are the original samples.
These filters are made so as to remove hagly frequencyfrom imageswhich are

usually poorly represented. (High frequency component here is taken in the Fourier
series sense.)

Pixel accuracy
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When applying any type of shading except flat shadingto a polygon, pixel
precisionbecomesan issue.We often calculateincrementallysomevalue per edge
(for example,in gouraudshading,we interpolatethe shadinglinearly along the
edge,and in texture mapping, (u,v) texture coordinatesget interpolatedalong
edges and across the polygon).

Referring to the figure above, an example Wwilgivenwith Gouraudshading.The
small circles representhe pixels, and the dark edgesare the edgeof a triangle.
With Gouraud shading, we start aaRdwe aregivensomeinitial color. Then,we

want to interpolate down the edd#owever,it is importantto noticethatP is less
than one scanlineabovethe scanlineof P1. Therefore,the vector drawn above
from P to P1is shorterthanthe vector from P1to P2, also drawn above.This

needsto be takeninto consideratiorto get correctpixel accuracy.Furthermore,
oncewe havethe correctcolor at P1, we can'tsimply put that color into pixel A

even though the distance betwéthandA is lessthanonepixel. We haveto take
into account the distance from P1 to A into our calculations. rAatéerof fact, in

this particularexample A is roughly halfway betweerthe left andright edgesoits

color should be roughly the average color of the two edges.

Then,aswe go to the next scanlinewe needto performour calculationsstarting
from P1. Given the color at P1, we find the color at P2, and then we needto
calculatethe propercolor for pixel B by taking into accountthe distancefrom P2
to B. This goes on for the whole triangle or polygon.

This examplecanalsoillustrate how edgepixels shouldbe consideredFirst of all,
edge pixels should be extremely rare. As can be seen in the example abowe, not
pixel is exactly on an edge.In the very rare casewhen a pixel is exactly on an
edge,you canusea simpledisambiguatingule to decideoneit, suchas"draw the
pixel only if it's on a left edge, not on a right edge”. Another way of dbisgs of
thinking of pixels as having irrational x coordinate and ratior@grdinatesothat
edges with rational endpoints have no hope of going through them.
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Sub-pixel accuracy

The other way of improving the quality of our images is by daihgalculationsat
some higheaccuracyTheintuitive way of doingthisis to createa high resolution
image and scaleit down to the display resolution afterwards,which ought to
produce a better looking image.

It turnsout thatthis works well, andis in fact hardto beat.However,it is rather
expensivepoth in renderingtime and storagespace andwe will attemptto look
into alternate algorithms as well.

When scalingan imagedown, there comesthe questionof how pixels shouldbe
averaged.This boils down to picking a filter, asin the previous section, and
applyingit to eachregionof the pixmapthat getsscaleddownto one pixel. Note
that the uniform filter (the filter in which each pixel regualweight) mightnot, as
could be thoughtat first, be the bestchoice. The box filter is alreadya better
choice. However, a uniform filter is better than no filter, and one should be
considered for a real-time system if it is easier to achieve than a generic filter.

An alternativeto generatinga fully blown high resolutionpictureis to adaptively
increasdheresolution.If you find thatseveralsmallobjectsgetdrawnin the same
pixel, subdividethat pixel into a small bitmapand calculatemore preciselyfor that
pixel. This canberecursedat will, for arbitraryprecision.However,this processs
still somewhaexpensiveandhasthe disadvantagehat it hasto be moreor less
hard-wired all over the graphics engine. It is hard to perform this in real time.

A very attractive alternative is the so-calkedbuffer .

For eachpixel, a 4x8 subpixelgrid is associatedHowever,insteadof having full
R,G and B componentsthey are merely bitmasks. Then, for all pixels, the
following is done.A list of all polygonscoveringthis pixel hasto be generated.
Then, the 4x8 bitmask of whateveris coveredby a polygon in that pixel is
generatedThen,usingand'sthe amountof overlapcan be determinedgtc...and
color can be computed using this (more on this later).

Let us use an example. Let's say that the following polygonal piece is in a pixel:

A

This is represented by the following bitmask:
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00000000 0000 1111 11100000
00010000 =000 11111 and 11110000
00010000 000 11111 11110000
00111000 00 111111 11111000
@w  ® ©

Notice that (A) is the bitmaskfor the part of the triangle that coversthe pixel,

while (B) and (C) are the bitmasksfor what'sinside of the left and right edge,
respectively.Thus, bitmasksare computedfor eachedgeandare and'ed together
to get the bitmastkor thetriangle. The bitmapcanalsobe madeby someexclusive
or of bitmasks (this latter method might be a bit less useful).

If we thenor all bitmasksfor all polygonalpiecestogether we geta bitmaskthat
tells uswhat portionsof the pixel are coveredby any polygons.Then,usingand,
we determine which pieces of polygons overlap. We might also need/tiieedf
the pixel perpolygon(not for eachbit in the bitmask,only for the whole pixel), so
thatwe candeterminewhich bitmasksarein front of eachother.Whatfollows is a
suggested algorithm for drawing a pixel:

Let BJ[i] be the bitmask of polygon i, i varies from 1 to n (number
of polygons covering the pixel).
Let CJi] is the color of the polygon i.
Let M be the following bitmask:
11111111
11111111
11111111
11111111
Let P be the pixel color, initialized to 0 (black) (either a color
vector, or a monochrome intensity)
Let K be the background pixel color
Assume polygons are sorted front to back (ie, polygon iis in
front of all polygons greater than i).
Let #X be the number of bits that are set in X

For j=1ton, do
foo=B[j] AND M
P=P+C[j] * #foo / 32
M=M XOR foo

End For

P=P+K * #M / 32

Note that 4x8 bitmasks have the ngrepertyof being32 bits numberswhich can
be manipulatedsery easily on today'splatforms. The algorithm canvery easilybe
adaptedo 4x4 bitmasks(for 16 bit machinesfor example)or 8x8 bitmasks(for
64 bits machines for example).

Also note that this algorithm works relatively well if polygonsare depth sorted
front to back and then drawn. It can't really be drawn strictly back to front.

Time antialiasing, a.k.a. motion blur
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We already mentionedthe time aliasing effect. The most popular method of
performingtime antialiasings still to generateseveraframesat very closeinterval
and merge them together. Once more, different filters can be applied.

One has to be careful when performing motion blur. Visible motion blur is
somethingthat shouldonly happernwhenthingsare moving fasterthanthe frame
rate allows us to see.For example,an animationgoing at 24 fps (framesper
seconds}yhouldnot havea trail behindan objectmoving one millimeter per frame
on the screen. Put differentterms,ananimationgoing at 24 fps shouldnot show
in a frame an event that happened 0.25 secondd higeeffect, calledpersistence,
can be quite annoying, and though it can produce an interestingresult, it is
generally not interesting or realistic to do so.

Therefore jf we wantto generatea time antialiasedanimationat 24 fps, we really
needto generatesomethinglike an 120 fps animation,and then apply a filter to
mergethe framesfour by four andgeta 24 fps animation.This is, ascanbe seen,
quite expensive However, it tendsto producevery nice looking pictures.If the
frame rate isn't kicked high enough,a fast moving object will appear(in our
exampleabove)as 4 distinct though semitransparenimagesper frame. This is
probably undesirable, but little can be done if objects are moving fast enough.

Other approacheshave beemattempted,mostly in raytracing, and will not be
discussedhere. One notable area that might be worth further interestis the
extruding of polygonsas volumesin 4d with time as the fourth dimensionand
trying to get the motion blur from that. This would havethe advantageof being
muchmore exactthan anythingpresentedere,all the while not having problems
with very fast moving objects.However, evenif the exactpath of the objectis
known, extrusion along that path might be too expensidéfarult to perform,so
linear extrusionmight haveto be consideredNevertheless| suspectthis would
produce very attractive results.

Mipmapping
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Texture mapping wadescribedreviously.However,a naiveapproactwastaken;
we did not considemwhathappensvhenthe textureis so scaleddownthatit takes
severaltexelsto covera single pixel. In the contextof this chapter,however,we
would like to somehow'average"(more properly, filter) the texelsthat covera
single pixel to geta nicerlooking picture.To illustratethe problem,if the texture
is so shrunkthat it barely coversone pixel, thenthe color of that pixel will be a
more or less random point from the texture. Hence,if the textureis not very
"smooth”,this particularpixel can"blip", changecolor rapidly andscintillate. This
is of courseundesirableAlso, eventhoughthe texture seenfrom afar might be
blue for the most part, a small reddishregion might result in the whole pixel
appearing red, which would be wrong.

Performingdifferentapproachesanbetakento this antialiasingproblem.We can
actually computeall the texels that fall within a pixel, then apply somefilter,
perhapsvenbasedon the size of the texelin the pixel. Thesesort of approaches
lendthemselvesery poorly to real-timeapplicationswhich is the maininterestof
this document, hence we will not approach them.

A real-timealternativeis Mipmapping.The texturemapis pre-filteredto different
degreesandat run time, we determinehow muchthe texelsget squishedby the
perspective transform, and the select the proper mipmap.

Uniform Mipmapping

Classically this is how mipmappingis done.We startwith a texturemap.Saythe
texturemapis of size64x64.Then,mipmapsof size32x32, 16x16, 8x8, 4xLx2
and1x1 aregeneratedby recursivelyaveraging?x2 blocksof pixels.We startwith
the 64x64texturemap,thenaveragesach2x2 block to geta 32x32mipmap.Then
we filter that mipmapagainto geta 16x16 mipmap,andso on. The mipmapscan
be labelled"mipmap#1" for the unfilteredtexturemap, " mipmap#2" for the first
mipmap, and so on.

The mipmap should be chosenbasedon the amountof squishingwe think the
texelswill undergo.lf we feel that eachpixel will coverabout4 texels(roughly a
2x2 block), then we should usethe 32x32 mipmap.If the texmapis evenmore
squished (perhaps 16 texels per pixel, 4x4) then the 16x16 mipmap should be used.

Let'slook at memoryrequirementsLet K be the amountof memoryusedby the
basictexturemap.First we observehat averaging2x2 block of pixelsandmaking
the first mipmapmakessomethingwhich takesonefourth asmuchmemoryasthe
texture map. As a matter of fact, eachtime we generateanothermipmap, the
memorytakenby the new mipmapis 1/4 that of the old. Hencethe total memory
is:

K+K/4+K/16+K/64+K/256+...+K/(A<K+K/4+K/16+...+K/(4N)+...
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=K(1+1/4+1/16+1/64+........ )=4K/3

Hence, classicalmipmappingtakesbut 1/3 more memory than straight texture
mapping.

The problem of determiningwhich mipmapto useis, however,not trivial. As
mentionedpreviously, this shouldbe a function of the "squishing"undergoneby
the texels.However,the squishingin the x direction can be vastly different from
the squishingn they direction.You canfight with this, or you caninventa newer
type of mipmapping.

Nonuniform Mipmapping

Insteadof scalingthe texturemaphomogeneouslyby the samefactorin x andy),
we can generatemipmapswith nonuniformscaling. This way, if thereis a lot of
"squishing”in a direction,but very little in the other,a relativelygood mipmapcan
still be found.

Still usingthe 64x64exampleabove we would generatanipmapsof the following
sizes:

64x64 64x32 64x16 64x8 64x4 64x2 64x1
32x64 32x32 32x16 32x8 32x4 32x2 32x1
16x64 16x32 16x16 16x8 16x4 16x2 16x1
8x64 8x32 8x16 8x8 8x4 8x2 8x1
4x64 4x32 4x16  4x8 4x4 4x2 4x1
2x64 2x32 2x16  2x8 2x4 2X2 2x1
1x64 1x32 1x16 1x8 1x4 1x2 1x1

Note that the mipmapscan be indexedby a pair of number.For instance,the
mipmap 64x64 can be identified to the pair (1,1), the mipmap 64x16 could be
identifiedto the point (3,1), mipma2x4 would be (5,6) andmipmap1x1 would be
(7,7).

It mightappearon first look thatthis will requirea lot of memory,howeverthis is
not as bad asit might first appearsA geometricdemonstratioris given below.
This figure containsthe texturemap plus all the mipmapslisted above.As canbe
seen,the memorytaken by the mipmapsand the texture map is four times the
memory taken by the texture map alone.
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In this case the mipmapsareindexedby two indices.If no scalingoccursin the x
direction, but scalingis roughly 1/2 in the y direction, we might want to use
"mipmap (1,2)" (which is the 64x32 mipmap).

All in all, uniform mipmappingtakes4/3 the memoryusedby a texmapbut hasits
problems, while nonuniform mipmapping makes an attempt to reduce these
problemsbut takes4 timesas muchmemoryasa simpletexmap.Note, however,
that we are fortunate enoughthat the amountof memorytaken by nonuniform
mipmapping is merely a constant times what is required for texture mapping.

Texture Map

Summed area tables

If we wantto usea blockfilter (averageall the texelsthat shouldgo in a mipxel),
we can use something perhaps more general, called a summed area table.

Let's saywe havea texturemap T[x][y]. We wantto calculatethe averageof all
pixels in the square delimited by say (p,q) and (r,s). (That is, the square
[p,Nx[q,s).) Oneway is to pre-computea summedareatable of the same sizeas
the original texture.This summedareatable S is definedasfollows. S[x][y] is the
sumof all texelsT[m][n] for m<x, n<y. Thenit is easyto seethatthe sumof all
texelsin the (p,q)-(r,s)squareis Q=S[r,s]-S[p,s]-S[r,q]+S[p,q]Thenthe meanis

M=Q/([r-p]x[s-q]).
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This allows usto apply onevery specialtype of filter to axis alignedboxesin the
texture map relatively quickly. The probemis, most of the time, the texelsthat
covera pixel we arerenderingdo not form an axisalignedbox in the texturemap.
Thereare also otherissues:the block filter is not a tremendouslyattractiveone,
the filter should depend on thelativespacetakenup by eachtexelon screenand
SO on.

Bi-linear interpolation

Now we have(moreor less)takencareof the casewhereseveraltexelsarein the
samepixel. But sometimeghe oppositehappensand a texel getsstretchedover
several pixels. Of course, if we are using onthesmallermipmapsandthe texels
cover many pixels it could meanthat we shouldbe using a larger mipmap. But
whenwe getto the raw texturemapandthereareno more"larger” texturemaps,
we're stuck.

Bi-linear interpolationattemptsto solve this problem.We will be using a linear
polynomial of two variables(ie, a plane equation),thus the “Bi” of bi-linear.
Typically, the texel coordinates will not be integer, as is depicted below.

nw ne

sSw se

Thetexelsarenw, ne, sw andse(shortfor northwest, north eastandsuch).P is
the actualtexturecoordinatefor the currentpixel. A, B, C andD arethe areaof
the rectangles seen on the diagram above. The color we assign to the pixel will be:

Axnw+Bxne+Cxse+Dxsw

Thisis the "bi" part of bi-linear. Incidentally,this will alsoimprove pictureswhen
mipmapping is used.

It is possibleto use somethingother than linear interpolation. For instance,bi-
cubicinterpolationis popular.Bicubic polynomialsare often used.A grid of 4x4

texels will be used as control points for some uniform spline of two variables. Once
the spline coefficients are known, the spline is evaluated attdrenediatepoint P

(see the figure for bi-linear interpolaticayove)andthis valueis usedto shadehe

pixel.

110



Tri-linear interpolation

Tri-linear interpolationis bi-linear interpolationwith an additional interpolation.
First, a descriptionfor uniform mipmappingwill be given, then this will be
extended to nonuniform mipmapping and summed area tables.

Whenwe usemipmappingwe needa functionwhich tells us what mipmapto use.
However,maybethis functiontells us to use"mipmap#3.15", which we roundto
simply "mipmap #3". This meansthat we should use a mipmap somewhatin
between3 and4, but moretowards3. Tri-linear interpolationsimply interpolates
linearly the mipmap betweenmipmap 3 and 4 (probably using, in our specific
example of "mipmap #3.15", 85% of mipmap 3 and 15% of mipmap 4).

This will make the changein mipmaps quite smoother,which will have an
important effect on animations in particular.

Using nonuniformmipmapping,we simply extendour ideato interpolatelinearly
betweenfour mipmaps.le, if we wantmipmap#3.2in the x directionand#5.7in
they direction,we mix in (0.8x0.3)=0.240f mipmap(3,5) with (0.2x0.3)=0.060f
mipmap (4,5), (0.8x0.7)=0.56 of mipmap (3,6) and lastly (0.2x0.7)=0.14 of
mipmap (4,7). As we can see,mipmap (3,6) is the dominantone, as is to be
expected and mipmap (4,5) is barely used at all.
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Glossary

Complex numbers: a number with a real and imaginary part, of the form Zwdnevgi is
the imaginary part. We define i2=-1. This way, we can define addition,
multiplication, subtractionand eveninverse.Complexnumberscan be compared
to pointsin the plane.As such,they havea polar coordinateform. From this we
candefinethe euclidiannorm, or absolutevalue of a complexnumber.By using
Euler'srepresentationye canput this form in exponentiaform. It is of notethat
multiplication by unit complex numbers represent rotations in the plane.

Convex:termusedto describepolytopes,suchas polygonsand polyhedra.lt meansthat
the inside angle is always less than or equal t6.18@riangle isalwaysconvex.A
squareor a rectangleis convex,but other quadrilateralamay not be convex.The
term convexis sometimesusedfor a vertexor edgeto saythatthe insideangleat
the vertex or edgeis lessthan or equalto 18C°. An equivalentdefinition of
convexity is, given a polytope, the intersectionof the polytope and any line is
alwaysO0 or 2 pointsexceptin degenerateasesA strictermathematicatlefinition
is used in the spline chapter. It is a generalization of our simpler definitions.

Concave: any non self-intersecting polytope that is not convex is concave.

Edge: a line segmentbetween?2 vertices. An edgetypically delimitatesa polygon. A
square has 4 edges, a cube has 12.

Euler angles:3 anglesusedto represent specific orientation.Can beusedto represent
anyrotation,butis not very usefulin practicefor severalreasonsFirst, the order
in which the rotationsare appliedis important.Second,t is very hardto find the
Euler anglesfor a given orientation. Third, the angleshave very little physical
meaning.

Face: a polygon that delimitates a polyhedron. A faaénaysplanar.A cubehas6 faces.
Also, since polygons in 3d have two sides, they are sometimes referred to as faces.

Mach banding: The human eye accentuategrastsTherefore|f two surfacef slightly
different colors lie next to each other, the boundary between the twoewl#arly
visible sinceit's anareaof high contrast(contrastis, moreor less,changeof color
over distance).This happensvhenwe havetoo few colorsto give a continuous
textureto a surfaceor whencoloring adjacenfacesof anobjectwith uniform but
slightly different shades of the same color.
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Matrix: a 2 dimensionahrrayof realnumbersCanalsobethoughtasanarrayof vectors,
or a vector of vectors.

Normalizing: making a vector V of unit length, by multiplying it by 1/|V|.

Polygon:a flat, 2d polytope delimited by straightedgesand vertices.Examplesinclude
triangles, squares, decagons. We normally prefer all vertidesdistinct,andthat
edgesdo not cross.We don'tlike it eitherwhenthe polygonis disconnectede.g.
has several, distinct parts that are not connected).

Polyhedron:a 3d polytopedelimitedby planarfaces,linear edgesandvertices.Examples
include cubes,tetrahedrajcosahedraAs with the polygon,we preferverticesto
be distinct, edgesnot to cross,facesnot to intersect,and the polyhedronto be
made of one piece as opposed to several disconnected pieces.

Polynomial: a mathematical entity that can be reduced to the form
agtagx+apx2+agx3+...+gxN for somen, g being a real numberand x; a real
variable. Examplepolynomialsinclude: 3, 2+x, x2+2x+3, x(x+2)(x-3). Examples
of things that are not polynomials: x(x+1)/(x+2%+x+sinx.

Polytope:anobjectin n dimensiongdefinedby linear constraintsExamplesin 2d and 3d
are polygonsandpolyhedrarespectively Polytopesare normally madeof a single
piece. That is, from any point in a polytope, there is a path (which might be
twisted) that can get you to any other point in the polytope without exiting the

polytope.

Quaternion: similato a complexnumber,a quaterniorhasl realand3 imaginaryparts.It
is generallywritten as Q=a+bi+cj+dk,wherei, j andk are orthonormalimaginary
parts. Theseimaginary componentssatisfy the following equalities:ij=-ij=k, jk=-
jk=i, ki=-ik=j, i2=j2=k2=ijk=-1. Fromthat,addition,subtractiorand multiplication
operations can be defined. The useful thing about quatersigast multiplication
by unit complex numbersrepresentrotations in 2d, multiplication by unit
guaternions represent rotations in 3d.

Taylor series: A power series that approximates a function.
Texel: One unit in the texture map, the texture map equivalent of a pixel.

Texturemapping:Historically, this is the "sticking" of a "picture™ on top of a polygon.A
bitmap, called texture map, is mappedon a polygon or triangle. This has been
generalizedgreatly however.Now, texture maps are sometimesreplacedby a
function of an x,y,z point in space Also, the textureneedno longer be a simple
picture. The texture can be slight perturbationsto the surface normal (bump
mapping), a "transparency level” (alpha channel) or a number of other things.

Pixel: The smallestdot displayableby the hardware.Also usedto describeone small
square unit in a bitmap.
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Vector: strictly speakinga n-uplet,suchas(3,2,5,1).I1t canbeviewedasanarrowin any
numberof dimensionsfrom onepoint plto a point p2. Thevectorfrom (x,y,z) to
(a,b,c) is (a-x,b-y,c-2).

Vertex: a point, usually called this way whenit is the endpointof at leastone edge.A
square has 4 vertices, a cube has 8.
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